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Topological semimetals with a double-helix nodal link
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Topological nodal line semimetals are characterized by the crossing of the conduction and valence bands along
one or more closed loops in the Brillouin zone. Usually, these loops are either isolated or touch each other at
some highly symmetric points. Here, we introduce a different kind of nodal line semimetal, that contains a pair
of linked nodal loops. A concrete two-band model was constructed, which supports a pair of nodal lines with a
double-helix structure, which can be further twisted into a Hopf link because of the periodicity of the Brillouin
zone. The nodal lines are stabilized by the combined spatial inversion P and time reversal T symmetry; the
individual P and T symmetries must be broken. The band exhibits nontrivial topology that each nodal loop
carries a π Berry flux. Surface flatbands emerge at the open boundary and are exactly encircled by the projection
of the nodal lines on the surface Brillouin zone. The experimental implementation of our model using cold atoms
in optical lattices is discussed.
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Introduction. The recent discovery of topological insulators
and superconductors has greatly deepened our understanding
of the quantum phases of matter [1,2]. For a gapped phase,
the band topology can be well described using topological
invariants in terms of symmetries [3–8]. As the conduction
and valence bands cross each other in the Brillouin zone, the
system enters a semimetal phase. The topology of the gapless
phase brings totally different stories, which gives rise to the
concept of topological semimetals [9]. In three dimensions,
the band crossing that carries nontrivial topology may occur
at discrete points or along closed loops. The former case
corresponds to Weyl/Dirac semimetals [10–13], whereas the
latter case corresponds to topological nodal line semimetals
(TNLSMs) [14]. Weyl and Dirac semimetals [15–27] have
both been experimentally confirmed, which has increased
research interest in topological semimetals. Now the latest
member of topological semimetals, TNLSM, is waiting for
experimental verifications [28]. A variety of candidates have
been proposed [29–40], and recent experiments have shown
promising results based on angle-resolved photoemission [40]
and quantum oscillations [41,42] measurements. Nodal lines
have been shown to play a key role in topological field theories
in the Brillouin zone [43].

In addition, the topological classification of TNLSMs
remains incomplete [6,28]. Unlike the topology of Weyl
and Dirac semimetals, which can be well described by a
single topological invariant under proper symmetry protec-
tions, the topology of TNLSM is more subtle [28]. From a
simple geometrical perspective, there are two configurations
of zero-dimensional nodal points, in which they are either
coincident or not. In contrast, there are a variety of possible
configurations for one-dimensional nodal loops. They can
(i) be isolated [Fig. 1(a)], (ii) touch at certain points, or
(iii) be linked with each other [Fig. 1(b)]. This intrinsic
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difference may considerably enrich the scenarios of TNLSMs.
A typical example of the first case is the system described
by the minimal model h(k) = sin kzσx + [M − 4B(sin2 kx

2 +
sin2 ky

2 + sin2 kz

2 )]σz, where two isolated nodal loops lie in
two planes kz = 0,π . The second case has also been reported;
for instance, gyroscope-shaped nodal lines [33,34] and the
recently predicted nonsymmorphic nodal chain metals [44].

In this Rapid Communication, we determined the existence
of a third kind of TNLSM, in which nodal loops are linked.
In contrast to existing TNLSMs, a pair of nodal lines pass
through each other and form a double-helix structure, as shown
in Fig. 1(c). Because of the periodicity of the Brillouin zone,
this double-helix is topologically equivalent to a Hopf link,
carrying a nonzero linking number. Moreover, the band also
possesses nontrivial topology, in which each nodal line carries
a π Berry flux, which results in novel surface states.

Two-band model with double-helix nodal link. We con-
structed a tight-binding model based on a cubic lattice. This
model can be described in momentum space as follows:

H(k) = dx(k)σx − dz(k)σz,

dx(k) = sin ky cos kz − sin kx sin kz,

dz(k) = 2 cos kx + 2 cos ky + χ,

(1)

where the Hamiltonian is chosen to be dimensionless for
simplicity, the lattice constant is set to unity, σx,y,z are the
Pauli matrices for pseudospin (such as the orbital degree of
freedom), and χ is a tunable parameter. Our model can also be
formulated with the Hopf map method by designing a specific
mapping form [45–49] (see Supplemental Material [50]).

Diagonalizing the Hamiltonian produces the eigenstates
|u±(k)〉 of the Hamiltonian (1) of opposite energies E±(k) =
±√

d2
x + d2

z . Degeneracy of the bands occurs when dx(k) =
dz(k) = 0, which defines the nodal lines in the Brillouin zone.
It can be interpreted as the intersecting lines of two surfaces
S1 : dx(k) = 0 andS2 : dz(k) = 0. Here, the nodal lines form a
novel double-helix structure. This becomes explicit at the limit
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FIG. 1. Topological configurations of two closed nodal loops:
(a) isolated, or (b) forming a Hopf link. (c) Nodal lines with a
double-helix structure, formed by intersecting lines of two surfacesS1

and S2.

of kx � 1, ky � 1, in which the parametric equation of S1

reduces to ky/kx = tan kz, which describes a helicoid, while
that of S2 becomes k2

x + k2
y = 4 + χ � 1, corresponding to

a cylinder. The intersecting lines of the two surfaces pass
through each other to form a double helix, as shown in
Fig. 1(c). Moreover, because of the periodicity of the Brillouin
zone, the cylinder S2 folds into a torus. Correspondingly, the
double-helix structure folds into a Hopf link [Fig. 1(b)]. Such a
“double-helix nodal link” (DHNL) possesses a nonzero linking
number, so the nodal loops cannot shrink to a point without
crossing each other.

Symmetry analysis. In general, the nodal lines in TNLSMs
are stabilized by extra symmetries imposed on the Hamiltonian
[14]. This situation should also be true for our model. For a
system without spin-orbit coupling, the time-reversal operator
T acts on the Hamiltonian through T H(k)T −1 = H∗(−k),
and the spatial inversion operator P reverses the momentum
as PH(k)P−1 = H(−k). The semimetal phase with DHNL
breaks both T and P symmetries, as follows:

[H,T ] �= 0, [H,P] �= 0. (2)

Moreover, it does not have reflection symmetry R about
any plane. Thus, our scheme differs from those of existing
TNLSMs, in which at least one of these three symmetries exists
[30–40]. However, without individual P,T ,R symmetries, the
system retains combined PT symmetry [51,52] as

[H(k),PT ] = H(k), (3)

which reflects the reality of the Hamiltonian. In addition,
the Hamiltonian (1) respects chiral symmetry, which can be
described by the anticommutation relation as

{H(k),�} = 0, (4)

where the chiral operator � = iσy corresponds to twofold
spin rotation. The � symmetry guarantees that the eigenstates
|u±(k)〉 with opposite energies always exist in pairs. Both
symmetries forbid the dy(k)σy term to enter H(k), which is
essential for the stability of the DHNL. The difference between
these two symmetries is that the � symmetry simultaneously
excludes the energy term d0(k)σ0 (where σ0 is the unit matrix),
whereas the PT symmetry does not. As a result, the chiral

symmetry not only stabilizes the DHNL, it also restricts its
energy to zero.

Band topology and surface states. In addition to its novel
geometric configuration, the DHNL also exhibits nontrivial
topology. Each of the two nodal lines of the DHNL carries a
π Berry flux in the Brillouin zone. Therefore, if one were to
travel along any closed path encircling one of the nodal lines,
the accumulated geometric phase would be equal to π . To
demonstrate this, we first prove the stability condition for the
DHNL, that is, the Berry curvature �(k) generically vanishes
for nondegenerate points [14]. Away from the DHNL, the
Berry curvature for the valence band can be defined as

�−
μ (k) = iεμνλ〈∂νu−(k)|∂λu−(k)〉, (5)

where |u−(k)〉 is the periodic part of the Bloch wave function,
∂ν denotes ∂/∂kν , and εμνλ is the Levi-Cività antisymmetric
tensor. Due to the chiral symmetry (4), if |u−(k)〉 is the wave
function for the valence band, |u+(k)〉 = σy |u−(k)〉 must be
the eigenstate of the conduction band. A direct calculation
shows that the Berry curvature of the valence band is equal to
that of the conduction band for a given k, �−(k) = �+(k). By
using the local conservation law for the Berry curvature [53]
�−(k) + �+(k) = 0, we obtain

�−(k) = �+(k) = 0. (6)

This indicates that if a nonzero distribution of the Berry
curvature exists in the Brillouin zone, it must be strictly
localized along the DHNL. Then we may choose an arbitrary
integral loop enclosing a single nodal line to calculate the
Berry phase.

Without loss of generality, we can choose the integral loop
of � → C1 → C → C2, as indicated by the arrowed lines in
Fig. 2(a). This loop is composed of two line segments parallel
to the y axis (� and C) and two segments parallel to the x axis
(C1 and C2). The two x-axis paths C1 and C2 are equivalent, but
oriented in opposite directions; therefore, their contributions
cancel out [54]. Such a scheme benefits subsequent discussion
on the surface states. We can regard kx and kz as parameters and
derive the Berry phase of the effective one-dimensional model
along the y direction. The wave function of the valence band

is |u−(k)〉 = [sgn(dx)
√

1−cos θ
2 , −

√
1+cos θ

2 ]T , where cos θ =
−dz/

√
d2

x + d2
z . The Berry phase can be obtained as [55]

γ = i

∫ π

−π

dky〈u−(k)|∂ky
|u−(k)〉

= i

2

∫ π

−π

dky

[
∂ky

ln sgn(dx)
]
(1 − cos θ ), (7)

in which the integral path � is parallel to the y axis, as shown
in Fig. 2(a). A nonzero contribution to the integral may come
from the ky-dependent sign change of dx(k), so the integral can
be written in the neighborhood of two real roots ky = k1,k2

of the equation sin ky = sin kx tan kz. In this case, we have
cos θ |ky=k1,2 = −sgn(dz), and Eq. (7) reduces to

γ = i

2

∑
j=1,2

∫ kj +δ

kj −δ

dky

[
∂ky

ln sgn(dx)
]

× [1 + sgn(2 cos kx + 2 cos kj + χ )]. (8)
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FIG. 2. (a)–(c) Projection of the surface S2 with different values of χ (circle for χ < 0, square for χ = 0, and circle centered around
kx = ky = π for χ > 0) in the kx-ky plane. The integral paths � → C1 → C → C2 are indicated by the arrowed lines. (d)–(f) Berry phase
distribution in the projected surface Brillouin zone as a function of kx and kz, with values of χ corresponding to those in (a)–(c), respectively.
(g)–(i) Surface states at open boundaries in the y direction.

For given values of kx and kz, the real roots k1,2 correspond to
the crossing points of � and S1. Once � passes through S1, it
contributes a π phase to the integral. Because k1,2 must either
exist as a pair or not at all, � may pass throughS1 either twice or
never, and thus, the Berry phase is zero if there are no additional
constraints. The second factor in the integral incorporates
an additional constraint, 2 cos kx + 2 cos kj + χ > 0, which
ensures that the integral is inside S2. Under this restriction, the
path � may cross S1 only once, resulting in a nontrivial Berry
phase.

From this geometric viewpoint, it can be seen that the
configuration of S1 and S2 determines the Berry phase dis-
tribution in the kx-kz plane. When projected to the surface
Brillouin zone, the DHNL defines the boundaries between the
topologically trivial (γ = 0) and nontrivial (γ = ±π ) regions.
This can be verified by the numerical results of Eq. (8), as
shown in Figs. 2(a)–2(f). For χ < 0, S2 is a closed cylinder
with a central axis located at kx = ky = 0 [Fig. 2(a)]. The
area with nontrivial topology is encircled by the projected
DHNL on the surface Brillouin zone [Fig. 2(d)]. Because of its

double-helix structure, the neighboring nontrivial regions have
opposite Berry phases. As χ increases, the area surrounded
by S2 expands, as does the topologically nontrivial area. At
the critical point, χ = 0, the surface S2 meets the Brillouin
zone boundary [Fig. 2(b)]. At this point, the topologically
nontrivial area reaches its maximum, which occupies half of
the Brillouin zone [Fig. 2(e)]. If χ increases further, S2 is
opened, as shown in Fig. 2(c). In this case, the area defined by
2 cos kx + 2 cos kj + χ > 0 is surrounded by both S2 and part
of the Brillouin zone boundaries. For |kx | < cos−1(1 − χ/2),
there is no constraint on the interval of the integration in Eq. (8).
Therefore, the Berry phase equals zero in this region, as shown
in Fig. 2(f). This is equivalent to a cylinder centered at kx =
ky = π , at which the nodal lines are confined. Considering that
the topologically trivial and nontrivial regions are separated by
the projection of the DHNL, we may choose the integral paths
� and C, located on opposite sides of the DHNL, such that
the integral exactly equals the π Berry flux of each nodal
line. This demonstrates the nontrivial band topology of the
semimetal phase.

041102-3



RAPID COMMUNICATIONS

WEI CHEN, HAI-ZHOU LU, AND JING-MIN HOU PHYSICAL REVIEW B 96, 041102(R) (2017)

The nontrivial topology of the DHNL suggests the existence
of surface flatbands in the projected surface Brillouin zone
[14]. By performing a Fourier transformation on the Bloch
Hamiltonian (1) in the y direction, the energy bands with open
boundaries in the y direction can be calculated. The two bands
closest to zero energy are shown in Figs. 2(g)–2(i) for different
values of χ . The flatbands coincide with the regions where
γ = ±π , suggesting that these zero modes are topologically
protected. We also calculated the Berry phase integral along the
x direction, and its distribution was found to match the surface
flatbands [50]. Because this system does not have C4 rotational
symmetry, the Berry phase distributions calculated along the
x and y directions are different. Moreover, by introducing an
additional term into dx in Eq. (1), the DHNL can be unlinked,
which is characterized by the Berry phase distribution and
the surface flatbands [50]. The properties of the surface states
for different configurations of nodal loops and trivially linked
nodal loops were also discussed in the Supplemental Material
[50].

Experimental realization with cold atoms in optical lattices.
The high controllability of ultracold atoms in optical lattices
makes them a suitable platform for the investigation of exotic
physics [56]. Many novel techniques have been developed
for use with these systems, such as laser-assisted tunneling
[57], optical lattice shaking [58], Raman transition tunneling
[59], atomic interferometry [60,61], and Bragg scattering [62].
These techniques can be used to emulate physical phenomena
that are difficult to realize in solid materials. Here, we present
a scheme to realize and detect the topological semimetal with
DHNL using cold atoms in an optical lattice. A tight-binding
Hamiltonian can be defined as

H = −t1
∑

i

[c†i σzci+x̂ + c
†
i σzci+ŷ] + H.c.

+ t2
∑

i

[e−(π/2)ic
†
i σxci+ŷ+ẑ + e−(π/2)ic

†
i σxci+ŷ−ẑ] + H.c.

+ t2
∑

i

[c†i σxci+x̂+ẑ − c
†
i σxci+x̂−ẑ] + H.c.

+χ
∑

i

c
†
i σzci, (9)

where the lattice constant is set to unity, and x̂,ŷ,ẑ are the
primitive lattice vectors. The operators ci,σ are defined in

the Wannier representation wi(r) at the lattice site i, with
pseudospin σ = ↑,↓ representing two intrinsic atomic states.
The Bloch Hamiltonian (1) can be recovered by performing
a Fourier transformation on Eq. (9), and setting the hopping
coefficients to t1 = 1, and t2 = 1/4.

To achieve the Hamiltonian (9), we chose two hyperfine
spin states |1,−1〉 and |1,0〉 of 87Rb as the pseudospins in our
model, and constructed a spin-dependent cubic optical lattice
using several lasers to trap two pseudospin atoms. The lattice
potential along the z direction was sufficiently deep, such that
the hopping along the z direction was negligibly weak [63].
The optical lattice shaking technique was applied to the spin-
down optical lattice, which resulted in the renormalization of
the hopping coefficient of the spin-down atoms with a negative
sign [58]. Hence, the hopping coefficients of the spin-up and
spin-down atoms in the x-y plane had opposite signs. Equal
hopping strengths for both spins can be achieved by fine-tuning
the depths of the two optical lattices. The Zeeman term in
Eq. (9) can be constructed and tuned by applying an external
magnetic field along the z direction. The diagonal spin-flip
hopping in the y-z and x-z planes, as shown in the second and
third lines of Eq. (9), can be achieved using two groups of
Raman fields [50]. By properly designing the Raman lattices,
on-site and nearest-neighbor spin-flip hopping are forbidden.
The hopping-accompanying phase in the y-z plane can be
achieved by tilting a pair of Raman lasers at an appropriate
angle from the y axis in the y-z plane [50].

The configuration of the DHNL and the attached Berry flux
can be measured using an interferometric technique with high
momentum resolution [60,61]. The energy band of the surface
states can be probed by Bragg spectroscopy [62].

Note added. Recently, we became aware of the works by
Yan et al. [64].
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98 (2013).

[8] J. Kruthoff, J. de Boer, J. van Wezel, C. L. Kane, and R.-J.
Slager, arXiv:1612.02007.

[9] H. M. Weng, X. Dai, and Z. Fang, J. Phys.: Condens. Matter 28,
303001 (2016).

[10] S. Murakami, New J. Phys. 9, 356 (2007).
[11] X. Wan, A. M. Turner, A. Vishwanath, and S. Y. Savrasov,

Phys. Rev. B 83, 205101 (2011).
[12] Z. J. Wang, Y. Sun, X. Q. Chen, C. Franchini, G. Xu, H. Weng,

X. Dai, and Z. Fang, Phys. Rev. B 85, 195320 (2012).
[13] Z. J. Wang, H. M. Weng, Q. S. Wu, X. Dai, and Z. Fang,

Phys. Rev. B 88, 125427 (2013).

041102-4

https://doi.org/10.1103/RevModPhys.82.3045
https://doi.org/10.1103/RevModPhys.82.3045
https://doi.org/10.1103/RevModPhys.82.3045
https://doi.org/10.1103/RevModPhys.82.3045
https://doi.org/10.1103/RevModPhys.83.1057
https://doi.org/10.1103/RevModPhys.83.1057
https://doi.org/10.1103/RevModPhys.83.1057
https://doi.org/10.1103/RevModPhys.83.1057
https://doi.org/10.1103/PhysRevB.78.195424
https://doi.org/10.1103/PhysRevB.78.195424
https://doi.org/10.1103/PhysRevB.78.195424
https://doi.org/10.1103/PhysRevB.78.195424
https://doi.org/10.1103/PhysRevB.78.195125
https://doi.org/10.1103/PhysRevB.78.195125
https://doi.org/10.1103/PhysRevB.78.195125
https://doi.org/10.1103/PhysRevB.78.195125
https://doi.org/10.1063/1.3149495
https://doi.org/10.1063/1.3149495
https://doi.org/10.1063/1.3149495
https://doi.org/10.1063/1.3149495
https://doi.org/10.1103/RevModPhys.88.035005
https://doi.org/10.1103/RevModPhys.88.035005
https://doi.org/10.1103/RevModPhys.88.035005
https://doi.org/10.1103/RevModPhys.88.035005
https://doi.org/10.1038/nphys2513
https://doi.org/10.1038/nphys2513
https://doi.org/10.1038/nphys2513
https://doi.org/10.1038/nphys2513
http://arxiv.org/abs/arXiv:1612.02007
https://doi.org/10.1088/0953-8984/28/30/303001
https://doi.org/10.1088/0953-8984/28/30/303001
https://doi.org/10.1088/0953-8984/28/30/303001
https://doi.org/10.1088/0953-8984/28/30/303001
https://doi.org/10.1088/1367-2630/9/9/356
https://doi.org/10.1088/1367-2630/9/9/356
https://doi.org/10.1088/1367-2630/9/9/356
https://doi.org/10.1088/1367-2630/9/9/356
https://doi.org/10.1103/PhysRevB.83.205101
https://doi.org/10.1103/PhysRevB.83.205101
https://doi.org/10.1103/PhysRevB.83.205101
https://doi.org/10.1103/PhysRevB.83.205101
https://doi.org/10.1103/PhysRevB.85.195320
https://doi.org/10.1103/PhysRevB.85.195320
https://doi.org/10.1103/PhysRevB.85.195320
https://doi.org/10.1103/PhysRevB.85.195320
https://doi.org/10.1103/PhysRevB.88.125427
https://doi.org/10.1103/PhysRevB.88.125427
https://doi.org/10.1103/PhysRevB.88.125427
https://doi.org/10.1103/PhysRevB.88.125427


RAPID COMMUNICATIONS

TOPOLOGICAL SEMIMETALS WITH A DOUBLE-HELIX . . . PHYSICAL REVIEW B 96, 041102(R) (2017)

[14] A. A. Burkov, M. D. Hook, and L. Balents, Phys. Rev. B 84,
235126 (2011).

[15] H. M. Weng, C. Fang, Z. Fang, B. A. Bernevig, and X. Dai,
Phys. Rev. X 5, 011029 (2015).

[16] S. M. Huang et al., Nat. Commun. 6, 7373 (2015).
[17] B. Q. Lv, H. M. Weng, B. B. Fu, X. P. Wang, H. Miao, J. Ma, P.

Richard, X. C. Huang, L. X. Zhao, G. F. Chen, Z. Fang, X. Dai,
T. Qian, and H. Ding, Phys. Rev. X 5, 031013 (2015).

[18] S. Y. Xu et al., Science 349, 613 (2015).
[19] B. Q. Lv et al., Nat. Phys. 11, 724 (2015).
[20] X. Huang, L. Zhao, Y. Long, P. Wang, D. Chen, Z. Yang,

H. Liang, M. Xue, H. Weng, Z. Fang, X. Dai, and G. Chen,
Phys. Rev. X 5, 031023 (2015).

[21] B. Q. Lv, S. Muff, T. Qian, Z. D. Song, S. M. Nie, N. Xu, P.
Richard, C. E. Matt, N. C. Plumb, L. X. Zhao, G. F. Chen, Z.
Fang, X. Dai, J. H. Dil, J. Mesot, M. Shi, H. M. Weng, and H.
Ding, Phys. Rev. Lett. 115, 217601 (2015).

[22] Z. K. Liu et al., Science 343, 864 (2014).
[23] S. Y. Xu et al., Science 347, 294 (2015).
[24] J. Xiong, S. K. Kushwaha, T. Liang, J. W. Krizan, M.

Hirschberger, W. Wang, R. J. Cava, and N. P. Ong, Science
350, 413 (2015).

[25] Z. K. Liu et al., Nat. Mater. 13, 677 (2014).
[26] S. Borisenko, Q. Gibson, D. Evtushinsky, V. Zabolotnyy,

B. Büchner, and R. J. Cava, Phys. Rev. Lett. 113, 027603
(2014).

[27] H. M. Yi et al., Sci. Rep. 4, 6106 (2014).
[28] C. Fang, H. M. Weng, X. Dai, and Z. Fang, Chin. Phys. B 25,

117106 (2016).
[29] T. T. Heikkilä, N. B. Kopnin, and G. E. Volovik, JETP Lett. 94,

233 (2011).
[30] H. M. Weng, Y. Liang, Q. Xu, R. Yu, Z. Fang, X. Dai, and Y.

Kawazoe, Phys. Rev. B 92, 045108 (2015).
[31] Y. Chen, Y. Xie, S. A. Yang, H. Pan, F. Zhang, M. L. Cohen,

and S. Zhang, Nano Lett. 15, 6974 (2015).
[32] M. Zeng, C. Fang, G. Chang, Y. Chen, T. Hsieh, A. Bansil, H.

Lin, and L. Fu, arXiv:1504.03492.
[33] Y. Kim, B. J. Wieder, C. L. Kane, and A. M. Rappe, Phys. Rev.

Lett. 115, 036806 (2015).
[34] R. Yu, H. Weng, Z. Fang, X. Dai, and X. Hu, Phys. Rev. Lett.

115, 036807 (2015).
[35] C. Fang, Y. Chen, H. Y. Kee, and L. Fu, Phys. Rev. B 92, 081201

(2015).
[36] A. Yamakage, Y. Yamakawa, Y. Tanaka, and Y. Okamoto,

J. Phys. Soc. Jpn. 85, 013708 (2016).
[37] L. S. Xie, L. M. Schoop, E. M. Seibel, Q. D. Gibson, W. Xie,

and R. J. Cava, APL Mater. 3, 083602 (2015).
[38] Y.-H. Chan, C.-K. Chiu, M.-Y. Chou, and A. P. Schnyder,

Phys. Rev. B 93, 205132 (2016).
[39] J. Zhao, R. Yu, H. Weng, and Z. Fang, Phys. Rev. B 94, 195104

(2016).
[40] G. Bian et al., Nat. Commun. 7, 10556 (2016).
[41] J. Hu, Z. Tang, J. Liu, X. Liu, Y. Zhu, D. Graf, K. Myhro, S. Tran,

C. N. Lau, J. Wei, and Z. Mao, Phys. Rev. Lett. 117, 016602
(2016).

[42] J. P. Liu and L. Balents, Phys. Rev. B 95, 075426 (2017).
[43] B. Lian, C. Vafa, F. Vafa, and S. C. Zhang, Phys. Rev. B 95,

094512 (2017).
[44] T. Bzdušek, Q. Wu, A. Rüegg, M. Sigristand, and A. A.

Soluyanov, Nature (London) 538, 75 (2016).
[45] J. E. Moore, Y. Ran, and X. G. Wen, Phys. Rev. Lett. 101, 186805

(2008).
[46] D. L. Deng, S. T. Wang, C. Shen, and L. M. Duan, Phys. Rev. B

88, 201105 (2013).
[47] D. L. Deng, S. T. Wang, and L. M. Duan, Phys. Rev. B 89,

075126 (2014).
[48] R. Kennedy, Phys. Rev. B 94, 035137 (2016).
[49] C. Liu, F. Vafa, and C. Xu, Phys. Rev. B 95, 161116(R) (2017).
[50] See Supplemental Material at http://link.aps.org/supplemental/

10.1103/PhysRevB.96.041102 for the specific Hopf map of our
model, a description of the Berry phase distribution in the ky-kz

plane, the surface states at open boundaries in the x direction,
the linking-unlinking transition of the nodal lines, discussions
on the surface states for different configurations of nodal loops
and trivially linked nodal loops, and the experimental scheme
for the realization of the semimetal phase using cold atoms in
optical lattices, which includes Refs. [45–49,58,59].

[51] Y. X. Zhao, A. P. Schnyder, and Z. D. Wang, Phys. Rev. Lett.
116, 156402 (2016).

[52] D.-W. Zhang, Y. X. Zhao, R.-B. Liu, Z.-Y. Xue, S.-L. Zhu, and
Z. D. Wang, Phys. Rev. A 93, 043617 (2016).

[53] D. Xiao, M. C. Chang, and Q. Niu, Rev. Mod. Phys. 82, 1959
(2010).

[54] D. A. Abanin, T. Kitagawa, I. Bloch, and E. Demler, Phys. Rev.
Lett. 110, 165304 (2013).

[55] S. Q. Shen, Topological Insulators: Dirac Equation in Con-
densed Matters (Springer-Verlag, Berlin/Heidelberg, 2012).

[56] M. Lewenstein, A. Sanpera, V. Ahufinger, B. Damski, A. S. De,
and U. Sen, Adv. Phys. 56, 243 (2007).

[57] H. Miyake, G. A. Siviloglou, C. J. Kennedy, W. C. Burton, and
W. Ketterle, Phys. Rev. Lett. 111, 185302 (2013).

[58] J. Struck, C. Ölschläger, M. Weinberg, P. Hauke, J. Simonet, A.
Eckardt, M. Lewenstein, K. Sengstock, and P. Windpassinger,
Phys. Rev. Lett. 108, 225304 (2012).

[59] Z. Wu, L. Zhang, W. Sun, X.-T. Xu, B.-Z. Wang, S.-C. Ji, Y.
Deng, S. Chen, X.-J. Liu, and J.-W. Pan, Science 354, 83 (2016).

[60] M. Atala, M. Aidelsburger, J. T. Barreiro, D. Abanin, T.
Kitagawa, E. Demler, and I. Bloch, Nat. Phys. 9, 795 (2013).

[61] L. Duca, T. Li, M. Reitter, I. Bloch, M. Schleier-Smith, and U.
Schneider, Science 347, 288 (2015).

[62] D. M. Stamper-Kurn, A. P. Chikkatur, A. Görlitz, S. Inouye, S.
Gupta, D. E. Pritchard, and W. Ketterle, Phys. Rev. Lett. 83,
2876 (1999).

[63] For simplicity, we have omitted the hopping term along the z

direction in Eq. (9), because the hopping coefficient is much
smaller than t1. It is easy to verify that weak hopping along the
z direction does not change the configurations or the Berry flux
of the nodal lines.

[64] Z. Yan, R. Bi, H. Shen, L. Lu, S.-C. Zhang, and Z. Wang, Phys.
Rev. B 96, 041103 (2017).

041102-5

https://doi.org/10.1103/PhysRevB.84.235126
https://doi.org/10.1103/PhysRevB.84.235126
https://doi.org/10.1103/PhysRevB.84.235126
https://doi.org/10.1103/PhysRevB.84.235126
https://doi.org/10.1103/PhysRevX.5.011029
https://doi.org/10.1103/PhysRevX.5.011029
https://doi.org/10.1103/PhysRevX.5.011029
https://doi.org/10.1103/PhysRevX.5.011029
https://doi.org/10.1038/ncomms8373
https://doi.org/10.1038/ncomms8373
https://doi.org/10.1038/ncomms8373
https://doi.org/10.1038/ncomms8373
https://doi.org/10.1103/PhysRevX.5.031013
https://doi.org/10.1103/PhysRevX.5.031013
https://doi.org/10.1103/PhysRevX.5.031013
https://doi.org/10.1103/PhysRevX.5.031013
https://doi.org/10.1126/science.aaa9297
https://doi.org/10.1126/science.aaa9297
https://doi.org/10.1126/science.aaa9297
https://doi.org/10.1126/science.aaa9297
https://doi.org/10.1038/nphys3426
https://doi.org/10.1038/nphys3426
https://doi.org/10.1038/nphys3426
https://doi.org/10.1038/nphys3426
https://doi.org/10.1103/PhysRevX.5.031023
https://doi.org/10.1103/PhysRevX.5.031023
https://doi.org/10.1103/PhysRevX.5.031023
https://doi.org/10.1103/PhysRevX.5.031023
https://doi.org/10.1103/PhysRevLett.115.217601
https://doi.org/10.1103/PhysRevLett.115.217601
https://doi.org/10.1103/PhysRevLett.115.217601
https://doi.org/10.1103/PhysRevLett.115.217601
https://doi.org/10.1126/science.1245085
https://doi.org/10.1126/science.1245085
https://doi.org/10.1126/science.1245085
https://doi.org/10.1126/science.1245085
https://doi.org/10.1126/science.1256742
https://doi.org/10.1126/science.1256742
https://doi.org/10.1126/science.1256742
https://doi.org/10.1126/science.1256742
https://doi.org/10.1126/science.aac6089
https://doi.org/10.1126/science.aac6089
https://doi.org/10.1126/science.aac6089
https://doi.org/10.1126/science.aac6089
https://doi.org/10.1038/nmat3990
https://doi.org/10.1038/nmat3990
https://doi.org/10.1038/nmat3990
https://doi.org/10.1038/nmat3990
https://doi.org/10.1103/PhysRevLett.113.027603
https://doi.org/10.1103/PhysRevLett.113.027603
https://doi.org/10.1103/PhysRevLett.113.027603
https://doi.org/10.1103/PhysRevLett.113.027603
https://doi.org/10.1038/srep06106
https://doi.org/10.1038/srep06106
https://doi.org/10.1038/srep06106
https://doi.org/10.1038/srep06106
https://doi.org/10.1088/1674-1056/25/11/117106
https://doi.org/10.1088/1674-1056/25/11/117106
https://doi.org/10.1088/1674-1056/25/11/117106
https://doi.org/10.1088/1674-1056/25/11/117106
https://doi.org/10.1134/S0021364011150045
https://doi.org/10.1134/S0021364011150045
https://doi.org/10.1134/S0021364011150045
https://doi.org/10.1134/S0021364011150045
https://doi.org/10.1103/PhysRevB.92.045108
https://doi.org/10.1103/PhysRevB.92.045108
https://doi.org/10.1103/PhysRevB.92.045108
https://doi.org/10.1103/PhysRevB.92.045108
https://doi.org/10.1021/acs.nanolett.5b02978
https://doi.org/10.1021/acs.nanolett.5b02978
https://doi.org/10.1021/acs.nanolett.5b02978
https://doi.org/10.1021/acs.nanolett.5b02978
http://arxiv.org/abs/arXiv:1504.03492
https://doi.org/10.1103/PhysRevLett.115.036806
https://doi.org/10.1103/PhysRevLett.115.036806
https://doi.org/10.1103/PhysRevLett.115.036806
https://doi.org/10.1103/PhysRevLett.115.036806
https://doi.org/10.1103/PhysRevLett.115.036807
https://doi.org/10.1103/PhysRevLett.115.036807
https://doi.org/10.1103/PhysRevLett.115.036807
https://doi.org/10.1103/PhysRevLett.115.036807
https://doi.org/10.1103/PhysRevB.92.081201
https://doi.org/10.1103/PhysRevB.92.081201
https://doi.org/10.1103/PhysRevB.92.081201
https://doi.org/10.1103/PhysRevB.92.081201
https://doi.org/10.7566/JPSJ.85.013708
https://doi.org/10.7566/JPSJ.85.013708
https://doi.org/10.7566/JPSJ.85.013708
https://doi.org/10.7566/JPSJ.85.013708
https://doi.org/10.1063/1.4926545
https://doi.org/10.1063/1.4926545
https://doi.org/10.1063/1.4926545
https://doi.org/10.1063/1.4926545
https://doi.org/10.1103/PhysRevB.93.205132
https://doi.org/10.1103/PhysRevB.93.205132
https://doi.org/10.1103/PhysRevB.93.205132
https://doi.org/10.1103/PhysRevB.93.205132
https://doi.org/10.1103/PhysRevB.94.195104
https://doi.org/10.1103/PhysRevB.94.195104
https://doi.org/10.1103/PhysRevB.94.195104
https://doi.org/10.1103/PhysRevB.94.195104
https://doi.org/10.1038/ncomms10556
https://doi.org/10.1038/ncomms10556
https://doi.org/10.1038/ncomms10556
https://doi.org/10.1038/ncomms10556
https://doi.org/10.1103/PhysRevLett.117.016602
https://doi.org/10.1103/PhysRevLett.117.016602
https://doi.org/10.1103/PhysRevLett.117.016602
https://doi.org/10.1103/PhysRevLett.117.016602
https://doi.org/10.1103/PhysRevB.95.075426
https://doi.org/10.1103/PhysRevB.95.075426
https://doi.org/10.1103/PhysRevB.95.075426
https://doi.org/10.1103/PhysRevB.95.075426
https://doi.org/10.1103/PhysRevB.95.094512
https://doi.org/10.1103/PhysRevB.95.094512
https://doi.org/10.1103/PhysRevB.95.094512
https://doi.org/10.1103/PhysRevB.95.094512
https://doi.org/10.1038/nature19099
https://doi.org/10.1038/nature19099
https://doi.org/10.1038/nature19099
https://doi.org/10.1038/nature19099
https://doi.org/10.1103/PhysRevLett.101.186805
https://doi.org/10.1103/PhysRevLett.101.186805
https://doi.org/10.1103/PhysRevLett.101.186805
https://doi.org/10.1103/PhysRevLett.101.186805
https://doi.org/10.1103/PhysRevB.88.201105
https://doi.org/10.1103/PhysRevB.88.201105
https://doi.org/10.1103/PhysRevB.88.201105
https://doi.org/10.1103/PhysRevB.88.201105
https://doi.org/10.1103/PhysRevB.89.075126
https://doi.org/10.1103/PhysRevB.89.075126
https://doi.org/10.1103/PhysRevB.89.075126
https://doi.org/10.1103/PhysRevB.89.075126
https://doi.org/10.1103/PhysRevB.94.035137
https://doi.org/10.1103/PhysRevB.94.035137
https://doi.org/10.1103/PhysRevB.94.035137
https://doi.org/10.1103/PhysRevB.94.035137
https://doi.org/10.1103/PhysRevB.95.161116
https://doi.org/10.1103/PhysRevB.95.161116
https://doi.org/10.1103/PhysRevB.95.161116
https://doi.org/10.1103/PhysRevB.95.161116
http://link.aps.org/supplemental/10.1103/PhysRevB.96.041102
https://doi.org/10.1103/PhysRevLett.116.156402
https://doi.org/10.1103/PhysRevLett.116.156402
https://doi.org/10.1103/PhysRevLett.116.156402
https://doi.org/10.1103/PhysRevLett.116.156402
https://doi.org/10.1103/PhysRevA.93.043617
https://doi.org/10.1103/PhysRevA.93.043617
https://doi.org/10.1103/PhysRevA.93.043617
https://doi.org/10.1103/PhysRevA.93.043617
https://doi.org/10.1103/RevModPhys.82.1959
https://doi.org/10.1103/RevModPhys.82.1959
https://doi.org/10.1103/RevModPhys.82.1959
https://doi.org/10.1103/RevModPhys.82.1959
https://doi.org/10.1103/PhysRevLett.110.165304
https://doi.org/10.1103/PhysRevLett.110.165304
https://doi.org/10.1103/PhysRevLett.110.165304
https://doi.org/10.1103/PhysRevLett.110.165304
https://doi.org/10.1080/00018730701223200
https://doi.org/10.1080/00018730701223200
https://doi.org/10.1080/00018730701223200
https://doi.org/10.1080/00018730701223200
https://doi.org/10.1103/PhysRevLett.111.185302
https://doi.org/10.1103/PhysRevLett.111.185302
https://doi.org/10.1103/PhysRevLett.111.185302
https://doi.org/10.1103/PhysRevLett.111.185302
https://doi.org/10.1103/PhysRevLett.108.225304
https://doi.org/10.1103/PhysRevLett.108.225304
https://doi.org/10.1103/PhysRevLett.108.225304
https://doi.org/10.1103/PhysRevLett.108.225304
https://doi.org/10.1126/science.aaf6689
https://doi.org/10.1126/science.aaf6689
https://doi.org/10.1126/science.aaf6689
https://doi.org/10.1126/science.aaf6689
https://doi.org/10.1038/nphys2790
https://doi.org/10.1038/nphys2790
https://doi.org/10.1038/nphys2790
https://doi.org/10.1038/nphys2790
https://doi.org/10.1126/science.1259052
https://doi.org/10.1126/science.1259052
https://doi.org/10.1126/science.1259052
https://doi.org/10.1126/science.1259052
https://doi.org/10.1103/PhysRevLett.83.2876
https://doi.org/10.1103/PhysRevLett.83.2876
https://doi.org/10.1103/PhysRevLett.83.2876
https://doi.org/10.1103/PhysRevLett.83.2876
https://doi.org/10.1103/PhysRevB.96.041103
https://doi.org/10.1103/PhysRevB.96.041103
https://doi.org/10.1103/PhysRevB.96.041103
https://doi.org/10.1103/PhysRevB.96.041103



