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Region of convergence (ROC)

 DTFT does not converge for all sequences (depends on x[n])

 z-transform does not converge for all sequences OR for all values of z

 ROC: for any given sequence x[n], the set of values of z for which
is absolutely summable
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Stability and causality

 System is stable iff ROC includes unit circle

 Causality requires ROC to satisfy

 If the system to be stable AND causal

All poles must be located within unit circle
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Stable

Largest pole



Properties of ROC – read text 140p-142p
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z-Transform and LTI Systems
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z-Transform and LTI systems - Preview

 z-transform and its properties are very useful tools for discrete-time 
system analysis

 Brief introduction of LTI system analysis using z-transform
 Will be discussed in detail later
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LTI system analysis using z-transform

 Using the convolution property

 Easy to compute output of LTI system
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System function of LTI systemAssume



z-transform for difference equations

 z-transform is particularly useful for LTE systems with difference equations

 Due to linearity and time-shift properties
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Example

 Let

 z-transform gives
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Example

 Using partial fraction expansion

 Three possibilities for ROC
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Basic Filter Analysis Using 
z-Transform
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Notch filters (bandstop filter with narrow stopband)

 Want to get rid of frequency component at

 z-transform representation of general notch filters

 Clearly, 

 The difference equation for notch filter 
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All-pass filters

 Mathematical preliminary
 Let

 Note                                             

 Consider the system with single pole at            and a single zero at

 Frequency response becomes
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All-pass filters

 The amplitude of frequency response

does not depend on      all-pass filter!
 An all-pass filter can be used to stabilize an unstable system without 

affecting the magnitude of the frequency response
 Example: assume 
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Original system

Everything 
except 

The original pole outside unit circle
The new pole z=p inside unit circle
The overall system becomes stable!
 Magnitude is unaffected



Using poles and zeros to design filters

 Through judicious positioning of zeros and poles
 Emphasize “desired” frequency bands
 De-emphasize other frequency bands

 Example:
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How the frequency response             does look like?
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Sampling of Continuous-Time 
Signals
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Introduction

 Types of signals
 Continuous time, continuous amplitude Analog signals
 Continuous time, discrete amplitude
 Discrete time, continuous amplitude  Discrete-time signals
 Discrete time, discrete amplitude  Digital signals

 Discrete-time signal processing
 Only focus on time-domain
 Techniques still can be applied to digital signals with modifications
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Periodic sampling

 From continuous-time          to discrete-time

 Sampling period T
 Sampling frequency 
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Samples/second Radians/second



How to obtain discrete-time signals? Sampling!
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What is the sampling rate of this signal?



Two-stages representation

 Mathematically
 Impulse train modulator
 Conversion of the impulse train 

into a sequence
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Some comments on two-stages representation

 Difference between 
 is continuous-time signal  values are zero except at nT
 is discrete-time signal  values are defined only for integer n
 is time-normalized sequence  no explicit information about sampling 

period T

 Practicality of two-stage representation
 Mathematical representation convenient for gaining insight into sampling in 

both the time and frequency domains
 Physical implementation is another story

 In general, sampling is not invertible. With constraints, it is possible!
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Frequency-domain representation of sampling

 Fourier transform of impulse train is also the periodic impulse train

 Fourier transform of impulse train-modulated signal
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Continuous-variable convolution



Useful Fourier transform pairs
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Close look into Fourier transform of sampled signal 

 Recall

 Consist of periodic repeated copies of
 Copies are shifted by integer multiples of sampling frequency
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Arbitrary bandlimited
Fourier transform



Signal recovery

 If                                                  , 
exact recovery of signals is possible 
using ideal lowpass filter
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Continuous-time signal



Aliasing effect

 If                  , the copies of              are overlap

 Reconstructed output cannot be the same with the original signal
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Aliasing effect example

 Consider 
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Aliasing effect example (continue)
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Nyquist-Shannon sampling theorem

 Given a bandlimited signal          with

Then           is uniquely determined by its samples                                       

if

 is called Nyquist frequency
 is called Nyquist (sampling) rate 
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Fourier transform of x[n]

 From          to 

 From              to 
 By taking continuous-time Fourier transform

 By taking discrete-time Fourier transform
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Fourier transform of x[n] (continue)

 Relation between              and

 is simply a frequency-scaled version of              with
 It can also be thought as frequency axis normalization
 Sampling frequency                        
 Sampling frequency always mapped to                 in DTFT 
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Sampling and reconstruction example

 Sample                                 with sampling period T=1/6000 



 Highest frequency in          is
 Sampling frequency
 Satisfying Nyquist theorem

 Frequency-domain representation
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Sampling and reconstruction example (continue)
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Also read Example 4.2


