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Abstract
This work defines and examines four classes of magnetorheological elastomers (MREs) based
upon permutations of particle alignment–magnetization pairs. Particle alignments may either be
unaligned (e.g. random) or aligned. Particle magnetizations may either be soft-magnetic or
hard-magnetic. Together, these designations yield four material types: A–S, U–S, A–H, and
U–H. Traditional MREs comprise only the A–S and U–S classes. Samples made from
325-mesh iron and 40 μm barium hexaferrite powders cured with or without the presence of a
magnetic field served as proxies for the four classes. Cantilever bending actuating tests
measuring the magnetically-induced restoring force at the cantilever tip on
50 mm × 20 mm × 5 mm samples yielded ∼350 mN at μ0 H = 0.09 T for classes A–H, A–S,
and U–S while class U–H showed only ∼40 mN. Furthermore, while classes U–S and A–S
exerted forces proportional to tip deflection, they exerted no force in the undeformed state
whereas class A–H exerted a relatively constant tip force over its entire range of deformation.
Beam theory calculations and models with elastic strain energy density coupled with
demagnetizing effects in the magnetic energy density were used to ascertain the magnitude of
the internal bending moment in the cantilever and to predict material response with good
results. This work highlights the ability of the newly developed A–H MRE materials, and only
that material class, to operate as remotely powered bidirectional actuators.
(Some figures in this article are in colour only in the electronic version)

This change in stiffness has been utilized in the design of several tunable/controllable vibration isolation devices [15–27].
Beyond this work, however, the authors know of no studies
of MRE materials that examine their ability to act as remotely
powered actuators.
MREs are fabricated by combining magnetic particles
with an uncured elastomer compound such as natural
or silicone rubber.
Effective particle sizes range from
nanoparticles to coarse (∼500 μm) Fe filings [8]. Within
the matrix, filler particles can either be distributed randomly
or have some regular alignment producing either an isotropic
or anisotropic medium, respectively. Previous work on

1. Introduction
The study of magnetorheological elastomers (MREs) as a
viable class of smart materials has gained increasing interest
since they have recently exhibited large magnetorheological
(MR) effects in sample materials [1–14]. The MR effect
in shear G is the relative change in a material’s complex
modulus G when placed within a magnetic field H with respect
to the modulus with no field present, i.e.

G =

G(H ) − G(H = 0)
.
G(H = 0)

0964-1726/11/105022+10$33.00

(1)
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(a)

(b)

Figure 1. (a) Soft-magnetic particles, which have no preferred magnetic orientation (small arrows), when exposed to a uniform magnetic field
H will have magnetization, M (dark arrow), aligned with the external field. (b) Hard-magnetic particles with remanent magnetization Mrem
will ideally have M remain aligned with the axis of Mrem which is local to the particle and thus allows for the generation of magnetic torque T.

Fe-based MREs has led to the belief that μ0 H ∼ 1–2 T
applied during curing tends to create chains of aligned particles
within the matrix which affect behavior; in some instances
the maximal MR effect has been increased by up to 40%
in aligned samples over unaligned samples having the same
particle volume fraction [6–8, 12]. However, these aligned
chains exist predominantly for materials with particle volume
fractions below 20% [28].
Previous works have focused solely on the use of softmagnetic particles, such as Fe, embedded in the elastomer
matrix to produce MRE materials.
In contrast, this
work examines hard-magnetic particles as well, comparing
differences in behavior between what are termed S-MRE
materials, those made from embedded soft-magnetic particles,
and H-MRE materials, those made from embedded hardmagnetic particles. The difference is critically important
because the two materials are driven by distinctly different
responses to magnetic fields.
In magnetically soft materials, in the absence of shape
anisotropy, the magnetization M of the particles remains
parallel to H (figure 1(a)). Thus there is no net force
or torque acting on spherical particles within a uniform
field if the composite is unperturbed with respect to that
field. When chains of particles are sheared within the field,
individual particle magnetizations still align with H; however,
demagnetizing effects between particles generate a restoring
torque that seeks to minimize the energy of the system by
returning particles to their unperturbed state (see, for example,
Shen et al [10] for a derivation of this restoring force which is
ultimately linear with respect to the shear strain).
In ideal H-MREs the particles have a value of M that
remains constant with respect to the local coordinate system
of each particle (figure 1(b)). The fundamental difference
between S-MREs and H-MREs lies in the torque generated
by H within the H-MRE’s embedded particles, which in turn
affects the bulk material en masse. The magnetic torque
density T within the particles themselves is determined by
T = M × H. Consequently, in contrast to S-MREs, in the
unperturbed state H-MREs can generate substantial torques.
Thus, H-MREs can be more accurately described as active
materials as opposed to reactive S-MREs.
While previous works have examined many aspects of
MRE behavior including particle alignments, none has yet

(a)

(b)

(c)
Figure 2. Iconography of (a) soft-magnetic and (b) hard-magnetic
particles, and (c) schematics of four classes of MREs based on
alignment–magnetization permutations.

examined the role of hard- versus soft-magnetic material
behavior on MRE response. Thus, we have investigated these
two magnetic property categories, soft-magnetic (S), which is
isotropic in magnetic response and hard-magnetic (H), which
is anisotropic (figures 2(a) and (b)). Note that in this figure
the single arrow of the hard-magnetic material highlights
its preferred magnetization axis while the magnetically soft
material is drawn as an arrowed-circle to show that it has no
preferred magnetization direction. The orientation and spatial
distribution of filler particles also fall into two categories:
unaligned (U) materials which are cured in zero field and
aligned (A) materials which are cured in a high magnetic
field. Permutations of these definitions lead to the four
possible classes shown in figure 2(c), namely A–H, A–S,
U–H, and U–S, and are examined in the present work. It
2
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bears mentioning that though the notion of particle alignment
has paradigmatically assumed the formation of chain-like
structures, a more recent work has shown that the degree of
alignment in MREs cured in a magnetic field is dependent on
both the particle volume fraction and the strength of the curing
field [28].

2. Experimental methods
2.1. Sample preparation
MRE materials made with barium M-type hexaferrite (BaM)
and Fe powders, aligned and unaligned, served as proxies for
each of the four classes in this work. Samples were fabricated
by curing DOW HS II silicone elastomer compound mixed
with 30% by volume of either nominally 40 μm BaM or 325mesh (<40 μm) iron (Fe) particles in aluminum molds. BaM
with a coercive field of μ0 Hc > 0.4 T, provided the hardmagnetic behavior while Fe with μ0 Hc < 2.5 mT served as the
soft-magnetic case. The molds were sized to fabricate sheets
measuring 130 mm × 75 mm × 5 mm. Material classes A–
H and A–S were produced by curing in μ0 H ∼ 2 T along
the direction normal to the sheet, while the other classes were
cured in ambient field. From these sheets smaller samples were
cut and used for testing.
Samples measuring 75 × 20 × 5 mm3 were prepared for a
cantilever bending experiment; 50 mm was the free cantilever
length. A C-shaped electromagnet capable of generating μ0 H
up to 0.15 T was used for testing in the configuration depicted
in figure 3. A procedure was developed to compare the
actuation capabilities of all four classes, including materials
that did not deform freely under a magnetic field. In this
experiment, increasing deflections were imposed on the tip of
the sample while the resulting restoring force acting against
the deflector, the force that tended to return the sample to
its undeformed state, was measured versus magnetic field
strength. A schematic of this testing procedure can be seen in
figure 3 that highlights the field direction (arrow outlines), the
poling direction (if present) of the MRE (line arrows) and the
force and displacement measurements, P and , respectively.
In these experiments, the force transducer remains in rigid
contact with the sample tip during the entire experiment. A
Shimpo model FGV-0.5× force gauge with a non-magnetic
extension was used to induce the displacement on each of
the samples as well as to measure the force generated. The
transducer’s stiffness was sufficiently high that the mN forces
measured caused negligible strain within the transducer and
extension with respect to the measured displacements.
The magnetization of the samples was measured with a
Lakeshore 7300 vibrating sample magnetometer to estimate
the volume fractions of magnetic material present, to determine
the magnetic susceptibility and to ascertain the alignment
of magnetic particles in samples which were cured in a
field. Remanent magnetization Mrem for the A–H cases was
Mrem = 103 × 105 A m−1 and 28 × 105 A m−1 parallel and
perpendicular to the magnetizing direction, respectively. This
compares to a saturation magnetization Msat = 128 A m−1 ,
which is in accord with the 30 ± 1 vol% of BaM, suggesting

Figure 3. Experimental setup of forced displacement testing showing
magnetic coil with flux direction. A non-ferrous extension to the
force gauge proscribed displacement and recorded the resisting load.
The MRE poling direction, if present, is shown by arrows in the
sample.

that most of the particles were aligned. Both the S-MRE U–
S and A–S materials showed Mrem ∼ 0 as expected for softmagnetic materials. Saturation magnetizations were Msat =
1.7–1.8 MA m−1 , also consistent with 30 ± 1 vol% of Fe.
2.2. Forced displacement cantilever bending
To begin, all four classes were assumed to follow the general
superposition of magnetic and elastic contributions to the total
force exerted by the material:

FT (, H ) = FE () + FH (, H )

(2)

where  is the tip displacement, FT (, H ) is the field- and
displacement-dependent total force recorded by the transducer,
FH (, H ) is the field- and displacement-dependent force
exerted by the sample due to magnetic interactions, and FE ()
is the force exerted by the sample due to its inherent elasticity
which depends solely on its own state of deformation as
measured by tip displacement.
Setting the applied magnetic field to zero leaves
FT (, 0) = FE (). Inherent in this simplification is the
well warranted assumption FH (, 0) = 0 for all , i.e. with
no applied magnetic field there can be no net magnetic force
generated at the deflector. This is especially true of S-MRE
materials which have Mrem = 0. However, in H-MRE
materials the H = 0 (zero applied field) response contains an
inherent ‘magnetic stiffness’ beyond the elastic response that
cannot be avoided since in H-MRE remanent magnetizations
are non-zero. Consequently, in this work FH is defined from
the response at magnetic field beyond that of FE , the response
with no externally applied field present. Tests were run for
each class at zero field to determine FE versus . The same
experimental procedure was followed under the presence of an
external magnetic field. Tests were run as μ0 H varied up to
0.09 T. Larger field strengths caused portions of the sample to
deform outside the applied magnetic field.
3
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(a)

(b)

(c)

(d)

Figure 4. Total force as a function of tip deflection for (a) class A–S, (b) class A–H, (c) class U–S, and (d) class U–H. All forces generally
increase with field strength and tip deflection; however, for class A–H, there are non-zero forces even at zero deflection.

strengths and increasing force with increasing field strength
for a given tip deflection. Most notably, the A–S material
generates no magnetic force at zero tip deflection for all field
strengths tested. The tip forces reach a maximum of 0.34 N at
the final 10 mm tip deflection.
Figure 5(b) shows the results of a type A–H (H-MRE)
material. The tip forces generated clearly increase with
increasing field strength as in the A–S material. However,
in contrast to the A–S material, the A–H material shows
increasing tip forces with increasing field strength even at zero
tip deflections. The lower field strengths seem to generate
constant-valued forces across tip deflection while the higher
field strengths reach a maximum of 0.38 N at an intermediate
deflection of 5 mm.
Figure 5(c) shows the S-MRE type U–S material. Similar
to the class A–S material, these tests show an initially linear
behavior with respect to tip deflection; however, the response
begins to saturate near 5 mm of deflection. The tip force is zero
at zero deflection for all field strengths as in the type A–S case.
The maximum tip force generated is 0.37 N at 7.5 mm.
Figure 5(d) shows the behavior of the H-MRE type U–
H material. Class U–H is unique in that it has the poorest
actuation behavior, showing no response for all field strengths
for tip deflections below 5 mm and only marginal increases in
tip force with field strength at the highest tip deflections. The

3. Results of cantilever bending experiments
3.1. Force versus deflection

FT (, H ) as a function of tip deflection is shown in figure 4
for all four classes. Both S-MRE samples (A–S and U–
S materials) show no force at zero deflection for all field
strengths while the A–H H-MRE material shows increasing tip
force at zero deflection as H is increased. The H-MRE type
U–H material shows zero force at zero deflection but almost
no change in tip force as H is increased. All samples show a
positive slope with respect to tip deflection, an expected result
of the elastic behavior.
Subtracting FE for a given material (zero-field curve in
each graph) from the remaining data for that material yields
FH , from equation (2),
FH (, H ) = FT (, H ) − FE ()

(3)

as a calculated quantity dependent on sets of experimental data
with and without the presence of a magnetic field. These data
for FH are presented in figure 5.
Figure 5(a) shows the magnetic force versus tip deflection
for an A–S S-MRE sample for various fields. The data show
a relatively linear behavior with tip deflection (remembering
that the elastic behavior has been subtracted out) for all field
4
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(a)

(b)

]

(d)

(c)

Figure 5. Magnetic force as a function of tip deflection data for (a) class A–S, (b) class A–H, (c) class U–S, and (d) class U–H. Forces for
classes A–S and U–S are initially linear with respect to displacement and scale with the field. Class A–H is the only class capable of exerting
force at zero tip deflection while forces in class U–H are significantly smaller than those of other classes.

maximum tip force generated, 0.004 N, is less than 10% of type
A–H, the other H-MRE sample.
3.2. Work potential
The preceding data allow calculation of the magnetic work
potential, WH , of each sample throughout the testing. The
magnetic work potential at a given field strength and tip
deflection is defined as
 vmax
WH (H ) =
FH (, H ) d
(4)
0

for fixed H . This expression yields the amount of magnetic
work each sample could perform at a given field strength as the
internal magnetic actuation retracts the tip from vmax to 0 mm
against a resistance. These results are summarized in figure 6.
Sample A–H, in which the highest force was seen,
generates a maximum of 3.56 mJ of work. Sample A–H shows
the maximum values of work capability due to its ability to
generate forces at zero deflection, something no other class is
capable of. Sample U–S showed the second highest value of
work done with 2.71 mJ, 76% of the maximum seen in class A–
H. Significantly lower than that class A–S produces 1.65 mJ of
work done, 46% of the class A–H value. Sample U–H, which

Figure 6. Magnetic work done as a function of field for all four
classes.

generated no significant forces during testing, is only capable
of producing a maximum of 0.14 mJ of work, only ∼4% of
the work capability of class A–H, the other H-MRE material
tested. Each material shows initial increases in work potential
as field strength is increased but eventually begins to saturate,
beginning near μ0 H = 0.04 T.
5
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Figure 7. Deflection as a function of tip displacement at zero field
for all four classes, yielding the elastic compliance, κ .

Figure 8. Calculated distributed magnetic moment in all four classes
for μ0 H = 0.09 T. Lines are drawn as guides to the eye.

The principle of superposition states that the solution
to the combined loading case of the end-load P (herein
both elastic and magnetic contributions to the force) and the
distributed magnetic moment m H is the sum of the solutions to
each problem individually such that

4. Discussion
It is useful at this point to employ Bernoulli–Euler beam
theory to aid discussion of the observed behavior, though
the limitations of this approach for the materials in question
are well understood.
Large deformations, hyperelastic
matrix behavior, field-dependent moduli, locally non-uniform
magnetic fields in a magnetoelastic composite, etc are all
present in this case which nominally preclude predictions
using simple beam theory. However, the results derived
herein provide useful metrics with which to compare across
experiments while at the same time capturing aspects of the
underlying MRE response. In addition, results of the analysis
highlight the utility of the approach at this stage.
Bernoulli–Euler beam theory states the deflection v(x) of
the neutral axis in a long slender beam of length L and moment
of inertia I is governed by
d2 v(x)
T
=
2
dx
EI

vmax = (P − m H )/κ.

In the cantilever bending test setup (figure 3), the
force transducer provided the transverse force P while the
magnetic field–particle interactions, regardless of their exact
nature, provided an effective distributed magnetic moment m H
yielding the total tip displacement of equation (7). Given
experimental data for tip deflection, vmax = , measured
values of P = FT (, H ), and experimentally determined
values for κ (the slope of the zero-field curves in figure 4), the
distributed moment m H for each class of material as a function
of field strength and tip deflection was determined from

m H = P − κvmax .

(5)

(8)

The bending stiffness results of each class of material are
compared in figure 7 with the slopes of the curves yielding κ
directly. The data show linear behavior initially for all cases
while the U–H and A–H cases show signs of softening at
higher deflections. Overall, the U–S and A–S (Fe) samples
appear stiffer than the A–H and U–H (BaM) samples and
aligned samples have stiffer responses than unaligned ones
for H-MRE types. Classes U–H and A–H have κ = 15.0
and 17.7 mN mm−1 , respectively, while classes A–S and U–
S have κ = 27.0 and 40.6 mN mm−1 , respectively. All linear
regressions have R 2  0.96.
Figure 8 shows m H as a function of vmax , at μ0 H =
0.09 T for all four classes calculated from equation (8). The
figure shows a linear response with respect to tip deflection
initially in both S-MRE samples (U–S and A–S), though with
different slopes, with class U–S showing a steeper response
but also a reduction in bending moment beyond v = 7.5 mm.
The U–S and A–S materials reach 0.42 and 0.35 N mm/mm,
respectively, at their maxima. The figure also shows class

where T is the internal bending moment in the beam, I is its
second moment of inertia, and E is its modulus of elasticity.
For a cantilever beam built-in at x = L and loaded transversely
at x = 0 by a force P , it can be shown that T (x) = Px , from
which it follows from equation (5) that vmax = P/κ , where
κ = 3 E I /L 3 is an elastic bending stiffness. The maximum
deflection occurs at x = 0.
Next, consider the same beam under the influence of some
distributed, constant, counterclockwise moment per unit length
m H without the end-load P . At this point in the analysis, this
moment is ascribed to the interaction of the embedded particles
with the external magnetic field in a similar fashion in both
S-MRE and H-MRE materials. The internal moment at any
cross-section of the beam is then given by

T (x) = −xm H ,

(7)

(6)

which yields the solution vmax = −m H /κ where κ is the elastic
bending response determined previously.
6
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Figure 9. Tip force as a function of field and tip displacement for
A–H material. The lines represent predictions made with
equation (8) based on constants taken from zero field (diamonds) and
zero tip displacement ( y -axis) cases.
Figure 10. Schematic of the cantilever beam showing the nominally
aligned particles, parallel and perpendicular component directions of
the magnetic field H, magnetization M, and demagnetizing tensor D,
transverse bending deflection v(x) and deflection angle θ(x).

U–H developing only 0.04 N mm/mm at most, less than
10% of its class A–H counterpart. Class A–H shows a high
bending moment and, most notably, its value begins at m =
0.30 N mm/mm, increases to 0.42 N mm/mm, and decreases
to 0.29 N mm/mm, never approaching zero as do the A–S and
U–S (S-MRE) cases.
The data in conjunction with the model support our
claims that m H is relatively independent of displacement in
H-MREs (as compared to S-MREs) and linearly varying with
displacement in S-MREs, and that in both materials m H
increases with applied field. For further validation, the model
was used to predict the arbitrary tip force–deflection-field
response of a second set of cantilever A–H H-MRE specimens
with only two tests to characterize two parameters: the fully
elastic behavior as exhibited by the elastic bending stiffness κ
and a field-dependent magnetic response, defined from m H =
ηH where η is the slope of the m H as a function of H curve
from equation (8) for vmax = 0. The parameter η stems from
the rise in P as field is increased (shown along the y -axis in
figure 4(b)). The specimens were cut to the same dimensions
as the previous set and used in the same experimental setup.
The P versus vmax behavior from 0 to 7 mm in
displacement at zero field yielded κ = 17.6 mN mm−1 ( R 2 =
0.992, data not shown) from equation (7) with m H = 0.
Similarly, a test keeping vmax = 0 while increasing μ0 H from
0 to 0.05 T, showed η = 9.46 N mm/mm T ( R 2 = 0.963, data
not shown). Results of predictions (lines) are compared to data
(symbols) in figure 9. The zero displacement data (symbols
along the y -axis from the origin) and the zero applied field data
(bottom row of symbols, diamonds) represent the data used
for characterization, while the intermediate curves represent
model predictions. The results show good agreement with
no adjustable parameters, though the linearized dependence
on field strength does not adequately capture magnetization
behavior.
Modeling the effects of the magnetic field on the
cantilever as a generalized distributed moment works well as a
phenomenological approach; however, it further highlights the

fundamental differences in behavior between S- and H-MREs.
While H-MREs are arguably driven by magnetic torques acting
on individual particles S-MREs are not, instead relying on
demagnetizing effects to provide a restoring force.
To model S-MREs more accurately, an energy approach
may be employed to model the elastic energy of the beam
in an end-loaded cantilever bending mode combined with
the energy of particle magnetization due to the applied field
plus additional demagnetizing effects within the soft-magnetic
particles. The demagnetizing effects are dependent on both
particle shape and particle geometry.
The linear magnetic energy density UH is given as [29]
↔

UH = μ0 ( 12 M · H A + 12 M D ·M A)

(9)
↔

where A is the cross sectional area of the cantilever and D
is the demagnetizing tensor. For the present beam, which
↔

is effectively a sheet, the only non-negligible element of D
↔
is normal to the surface, which must be 1 since Tr D = 1.
Consequently, in the – ⊥ –z coordinate system local to the
cantilever’s surface the demagnetizing tensor is given by


0 0 0
↔
(10)
D= 0 1 0
0 0 0
where figure 10 shows the orientations of the parallel and
perpendicular components of the internal magnetization M,
demagnetization tensor D and H.
The magnetization of the composite can then be written as
components parallel and normal to the surface, M and M⊥ ,
respectively. Noting the local magnetic field Hloc is given by
↔

↔

Hloc = H − D ·M such that M = (H − D ·M)χ̄ , where χ̄ is the
effective magnetic susceptibility of the composite, one finds

M = H χ̄ cos θ
7

(11a )
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χ̄
H sin θ,
1 + χ̄

particles, assuming spherical shapes, the susceptibility of the
composite χ̄ is therefore written as

(11b )

where θ is the angle between the field and the beam surface,
leading to

1
1 χ̄
H 2 sin2 θ
UH = μ0 + χ̄ H 2 cos2 θ +
2
2 1 + χ̄
2 

χ̄
1
H sin θ
(12)
+
A.
2 1 + χ̄

χ̄ ∼
=

The elastic energy in the cantilever UE is given from solid
mechanics as

 
 2 2
d v
dv
EI
UE =
−P
(14)
.
2
2
dx
dx
The resulting total energy expression, UT = UH + UE , yields
 2 

 2
1
dv
1 χ̄
dv
UT = μ0 χ̄ H 2 1 −
+
2
dx
2 1 + χ̄ dx
 2
 


 2 2
1
dv
d v
dv
χ̄
EI
H
+
−P
A+
.
2 1 + χ̄
dx
2
dx 2
dx
(15)

χ̄ ∼
=

c=

c=

χ̄ 3
.
(1 + χ̄)2

(16)

(17)

At x = L , given the built-in boundary conditions v(L) =
v  (L) = 0, the solution to equation (16) can be reduced to


3P 1
tanh ϕ
vmax =
−
(18)
κ ϕ2
ϕ3
where

ϕ=

3κ H
,
κ

(22)

27 f 3

(1 − f )(1 + 2 f )2

.

(23)

Figure 11 shows P versus vmax as predicted by
equations (18)–(20) for the A–S material (lines) compared to
data (symbols) at varying field strengths. The data are the same
as those collected for the samples tested for figure 4(a). The
prediction uses κ = 27.0 N mm−1 as measured in experiments,
f = 30%, L = 50 mm, and A = 5 × 20 mm2 . In figure 11, the
μ0 H = 0.09 T (maximum field strength) data have been fitted
to the model to determine c = 2.2. The prediction returns
the elastic and large-field cases as expected and also models
the intermediate field cases reasonably well (average error of
18.1% for data at all displacements and field strengths). The
c value determined from the fit and equation (17) suggests
that χ̄ ∼ 2.2, while the measured value of χ̄ determined
from vibrating sample magnetometry varies between 8 at low
fields and about 2 at about 80 kA m−1 and the calculated
value of χ̄ from equation (22) is 1.3. There is reasonable
agreement between the measured high-field susceptibility and
the magnetoelastic response predicted by the current model;
however, while qualitatively correct, equation (22) generally
underestimates c.

2

where

3f
,
(1 − f )

yielding

Minimizing the energy by examining dUT /dx = 0 yields the
governing differential equation
d v
P
μ0 AcH dv
−
=0
−
3
dx
EI
dx
EI

(21)

where f is the volume fraction of magnetic material.
Recent work by Boczkowska et al [29] has investigated
the spatial alignment of particle in Fe-based MREs with
volume fractions of 1.5–33%. That work states that ‘[a]
higher particle volume fraction (33 vol%) results in more
complex particle arrangements, typical of isotropic threedimensional networks of particles’ and that ‘for the highest
volume fraction of particles (33% therein) an isotropic network
is formed’. That work mentions the formations of chains and
clusters of particles but specifically says that these chains occur
increasingly at the lowest volume fractions studied (<11%).
We have also begun investigating the spatial arrangement of
particles in Fe- and BaM-based MREs using x-ray computed
tomography. In addition to not seeing spatial alignment in
Fe-based samples having ∼30% particle volume fractions,
we have not observed spatial alignment in BaM samples of
similar particle volume fractions. Consequently, the use of the
equation (21), typically reserved for random arrangements of
particles, to describe the magnetic behavior of the material is
warranted.
Since χ  1 for soft-magnetic materials

Assuming the small angle approximation, ( ddvx ) ∼ θ , yields
the following deformation-dependent approximation to the
magnetic energy:
 2 

 2
1
dv
1 χ̄
2
2 dv
H
UH = μ0 χ̄ H 1 −
+
2
dx
2 1 + χ̄
dx
 2

1
dv
χ̄
H
+
(13)
A.
2 1 + χ̄
dx

3

fχ
1 + 1/3(1 − f )χ

(19)

μ0 AcH 2
,
(20)
L
and κ is the elastic bending stiffness defined earlier. The
term κH represents a field-induced stiffness. Note that in this
derivation for S-MRE materials κH ∝ H 2.
To calculate χ̄ , one appeals to effective medium theory. If
the magnetization of the filler particles Mm can be written as
Mm = χ H , where χ is the susceptibility of the soft-magnetic
κH =

5. Discussion
This paper defined four classes of MREs based on alignment–
magnetization pairs and tested them in a cantilever bending
8
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Two predictive models were developed around the two
types of magnetic behavior. One employed an idealized
distributed internal moment to capture the magnetic response
of A–H H-MRE behavior (equations (5)–(8)) while the other
was based upon the energy of demagnetization between
particles in S-MREs (equations (9)–(23)). Both were coupled
with Bernoulli–Euler beam theory to model elastic behavior.
The distributed internal moment model of A–H H-MRE
behavior, which had two fit parameters and no adjustable ones,
agreed well with data over a range of tip deflections and applied
field strengths (see figure 9). Furthermore, it predicted the
free deflection and blocking-force-at-zero-deflection results
seen experimentally. The demagnetization-based model of
S-MRE cantilever bending also compared favorably to data,
with results over a range of tip deflections and magnetic
fields (see figure 11). With one adjustable parameter which
can be independently determined from the magnetization, the
demagnetization-based model accurately predicted the linear
scaling of tip force with tip deflection.
While this work has focused on the variation in magnetic
behavior across the four classes, figure 7 highlights variation
in elastic response as well. In the figure, the A–S and
U–S MREs show differing bending stiffnesses which one
might initially associate with aligned or unaligned particle
distributions. However, while particle alignment (or chaining)
induced by curing in a magnetic field has been a paradigm of
the MRE literature a more recent study has shown that at high
volume fractions (including the 30% v/v used herein) MREs
comprising 4–6 μm carbonyl iron show no alignment. The
particles do not undergo wholesale motion to create chainlike structures. In addition, magnetization tests conducted
by us on U–S and A–S samples show that the materials
are magnetically isotropic (not shown) as well. Therefore,
identifying the chain-like alignment typically associated with
MREs as the causal factor in the difference in elastic bending
behavior would not be accurate in this case. However, the
difference in elastic response does suggest some level of
structural difference between the two materials that bears
examination.
Current investigations of MRE microstructures are limited
to fractions of the total sample geometry [28]. These studies
would not capture larger structures that percolate (or span)
length scales of the order of the entire specimen. Additionally,
no studies of the contact interaction between neighboring
particles, attracted to each other locally during curing, have
been performed. The particulate nature of MREs is important
to remember since the mechanics of granular media identify
anisotropic distribution of contacts, which would occur on a
particle-to-particle length scale, as a source of variation in the
bulk response [30]. To the best of our knowledge, studies of
MRE behavior or structure in these two regimes, distribution of
particle contacts and the percolation of aggregates of particles
induced by curing in the presence of a magnetic field, have not
been conducted in the MRE literature. We believe that further
studies are clearly necessary and should focus on these two
length scales.
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Figure 11. Tip force as a function of field and tip displacement for
A–S material. The lines represent predictions made with
equation (18) based on one adjustable parameter, c, which depends
upon the magnetic susceptibility.

mode. Particle alignments were either unaligned (random)
or aligned based on the curing process used. Particle
magnetizations were either soft-magnetic (S-MRE) or hardmagnetic (H-MRE). Together, this created four classifications:
A–H, A–S, U–H, and U–S.
Bending tests supported the authors’ assertions that stark
differences in response would exist among the four classes.
Blocked force tests in a cantilever bending mode showed class
A–H materials generated the highest magnetically-induced
(partitioned from the elastic behavior) force (0.38 N), with
classes U–S and A–S following with 0.37 N and 0.34 N,
respectively, at μ0 H = 0.09 T. Class U–H showed only a
maximum 0.04 N owing to the magnetic disorder inherent in
the randomly aligned hard-magnetic particles.
Furthermore, experimental results highlighted the fact
that while the A–H material was capable of free deflection
and generated forces at its tip over the entire 0–10 mm
deflection range, both S-MRE materials were incapable both
of free deflection and, consequently, of generating forces at
zero deflection. The H-MRE A–H material also showed
higher magnetic work potential than the S-MRE materials and
substantially more than the U–H H-MRE, all materials having
similar magnetic particle volume fractions.
Experimental bending results and subsequent beam theory
calculations yielded the magnitude of the internal magnetic
moment, m H , the driving actuation, in all four classes.
These results showed that the S-MRE U–S and A–S cases
behaved linearly with respect to displacement while the
internal moment of the H-MRE A–H case remained relatively
constant, highlighting a fundamental difference in the driving
mechanisms between S- and H-MREs. H-MREs, driven by
T = M × H, ideally maintain a constant internal moment
T (especially for small deflections) while S-MREs, driven
by demagnetizing effects that are based upon single- and
multi-particle symmetries, scale with deformation since in the
undeformed state M and H are parallel.
9
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6. Conclusions
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With four material classes as proxies for material and
magnetic symmetries, this work has shown the importance
of differentiating classes of MRE behavior. This work has
elucidated the significance of demagnetizing effects as a root
cause of S-MRE behavior in bending and should further
influence understanding of the MRE effect in research using SMRE materials with a focus on improving G . We have also
shown the utility of using hard-magnetic particles to develop
useful magnetic symmetries within the bulk which can, in turn,
be used to provide actuation. Results of modeling have also
highlighted field-dependent magnetic behavior characteristics
m H and κH , and an elasto-magnetic coupling factor ϕ that may
prove useful in characterizing and designing devices with Hand S-MREs in cantilever bending applications.
Finally, the work highlights the ability of the A–H
material to operate as a remotely powered actuator, a device
controlled and powered without physical connections. Such
devices are being assessed for use in in situ applications
where physical connections are not possible but actuation,
control, and possibly indefinite operation are required.
While piezoelectric materials are a staple smart-material
for actuation, the remotely powered aspect of these MREs
transcends traditional piezoelectric capabilities. Furthermore,
while magnetostrictives such as Terfenol-D may be powered
remotely in a similar fashion, the range of bending deflections
seen herein is well beyond the capabilities of the brittle
Terfenol-D. Together these properties carve a unique niche in
the field of smart materials for A–H MREs.
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