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ABSTRACT

Due to the dexterous manipulation capability and low metabolic energy consumption property of the hu-
man hand, many robotic hands were designed and manufactured that are inspired from the human hand. 
One of the technical challenges in designing biomimetic robot hands is the control scheme. The control 
algorithm used in a robot hand is expected to ensure the tracking of reference trajectories of fingertips 
and joint angles with high accuracy, reliability, and smoothness. In this chapter, trajectory-tracking 
performances of different types of widely used control strategies (i.e. classical, robust, and intelligent 
controllers) are comparatively evaluated. To accomplish this evaluation, PID, sliding mode, and fuzzy 
logic controllers are implemented on a biomimetic robot hand finger model and simulation results are 
quantitatively analyzed. Pros and cons of the corresponding control algorithms are also discussed.

1. INTRODUCTION

Due to the high functional properties of biological systems, many scientists were inspired by the nature 
to find solutions to problems in medicine and engineering. There have been many important advance-
ments in the biologically inspired technology that is especially developed in the area of robotics and 
mechatronics (Habib, 2007; Habib, 2011). Human inspired robotic technology has made a significant 
improvement over the past two decades (Schaal, 1999; Breazeal and Scassellati, 2002; Chen et al., 
2011; Chen and Huang, 2012). Especially, there have been many promising advancements in the field 
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of bio-inspired robotics hands. For the state of the art and current trends in the development of dexterous 
robotic hands, refer to the review articles of Shimago (1996), Biagiotti et al. (2004) and Mattar (2013). 
One of the main challenges in executing manipulation task is how to control the robot hands such that 
they can produce motions with the same dexterity and intuition as human hands (Al-Gallaf et al., 1993). 
To handle the motion control problem of humanoid robotic hands, different types of control algorithms 
were introduced and implemented (Pons et al., 1999; Hacioglu et al., 2008; Arslan et al., 2009). In this 
study, to evaluate the trajectory tracking performances of widely used control methods, namely PID, 
sliding mode and fuzzy logic controllers were implemented on a biomimetic robot hand finger model 
and simulation results were comparatively discussed. Because of the similar biomechanical properties 
and kinematic structures of the hand fingers to each other’s except thump, motion control of only one 
finger, i.e. index finger has been considered. Hence, in this study, analyzing the flexion motion of the 
human hand is reduced to examine the single finger motion.

Since it has relatively simple algorithm for application and provide successful performance, PID 
controller is probably the most widely used control approach in industrial applications (Ang et al., 2005; 
Åström and Hägglund, 2006; Åström and Murray, 2008). The PID controller algorithm involves three 
separate constant parameters: the proportional gain, the integral and derivative times. The weighted sum 
of three actions is used to adjust the control process. For specific control tasks, those parameters are 
tuned according to the requirements of the process (Kelly, 1995).

Due to its invariance properties, sliding mode control (SMC) is a widely used robust control method, 
especially in the field of robotics (Yagiz et al., 2007; Feng et al., 2002; Engeberg and Meek, 2013). It 
is a special class of variable structure control systems in which the control law is deliberately changed 
during the control process according to some predefined rules depending on the states of the system 
(Edwards and Spurgeon, 1998). The fundamental concept of the SMC is to drive the system states to the 
so-called sliding surface and then keep the system within a neighborhood of that surface (Utkin, 1977). 
During the sliding motion, the system is insensitive to parameter variations and external disturbances 
(Yagiz et al., 2010).

Fuzzy logic control (FLC) is a knowledge-based control method and it is based on the fuzzy set 
theory (Zadeh, 1965). Because it has applicability to systems with unknown mathematical model and 
it has a rule-based structure, this control approach has become widespread (Feng, 2006; Hacioglu 
et al., 2011). In this method, the experience-based knowledge can be expressed by fuzzy rules and 
they are used for the control signal calculations. Fuzzy logic has the advantage comparing with 
other machine learning systems such as neural networks that the solution of the control problem 
can be defined in such a way that human operator can understand; therefore operator’s experience 
can be used in the design of the controller. Because of these attractive properties, fuzzy logic has 
been used in wide range of control applications (Taskin et al., 2007; Arslan et al., 2008; Yagiz and 
Hacioglu, 2009).

2. PHYSICAL MODEL OF THE BIOMIMETIC FINGER

The biomimetic hand finger, on which the controller methods were applied, was modeled as a kinematic 
chain of three cylindrical links that mimics the inertial properties of the proximal, middle and distal 
phalanges of the index finger (Figure 1). Spherical elements were added to the articulations of the model 
to represent the joint masses of the finger.
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In the model, u
i
 stands for the control torque acting on the related joint, which is produced by the 

corresponding control algorithm and θ
i
 is the relative joint angle. The link lengths of model were ex-

tracted using camera images of a human hand index finger during its closing motion. In addition, the 
diameters of links and joints were determined according to an x-ray image of a real human hand. Mass 
of the links and joints were calculated by taking the bone density of 1.9 g/cm3 into account (Weghe et 
al. 2004). Numerical values of the link mass (M

i
), link length (L

i
), mass moment of inertia of link 

( I
i
), distances of the mass center of the first (a ), second (b ) and third link (c ), masses of joints (m

i
), 

and viscous friction at each revolute joint (b
i
) were given in Appendix A (i=1,2,3).

Equations of motion of the finger model were obtained by using Lagrange approach and given in 
vector-matrix form as below.

M( ) ( , ) ( )θ θ θ θ θ



 + + = −�� �C G u F  (1)

where M( )θ



  is n n×  mass matrix of the finger, C( , )θ θ�  is n×1  vector and includes the coriolis and 

centrifugal terms, G( )θ  is n×1  vector of the gravity terms, u  is n×1  generalized torque vector and 
F is n×1  disturbance torque vector. To test the robust characteristic of the designed controllers, a resis-
tive torque was applied to the proximal interphalangeal joint (joint 2) as an unexpected joint friction 
fault (Figure 2.a). Additionally, it was considered that the fingertip touched a soft object towards end of 
the motion, which did not prevent the completion of the flexion movement (Figure 2.b). Explicit form 
of Equation (1) was given in Appendix B.

Figure 1. Physical model of the biomimetic robot hand finger
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3. TRAJECTORY PLANNING

The biomimetic finger model was aimed to simulate the natural flexion movement of the human finger. 
To do so, trajectory of the finger model was planned using video images which were recorded during 
flexion movement of index finger (Figure 3). The recorded video was split into frames with 0.08 second 
time intervals. Then, these frames were exported into a computer aided design program. Joint angles 
were manually digitized according to the points which were marked on the center of joints.

In order to have continuous and smooth joint angles as reference, sixth order polynomials were fitted 
to the joint angle data. By using the angles as input for the forward kinematics, the motion of the end of 
the distal link, that is, the trajectory of the finger model was obtained. The obtained polynomials were 
used as reference for the controllers through the numerical analysis of the finger model. The obtained 
reference joint angles and trajectory of the fingertip is given in Figure 4.

Figure 2. a) Resistive torque applied to joint 2; b) disturbance torques applied to the joints

Figure 3. Video images of finger flexion movement used for extracting the finger trajectory
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4. CONTROL APPLICATIONS

Classical Control Application: PID

What is meant by classical control application is the use of the proportional-integral-derivative (PID) 
controller in feedback control issue of a robotic hand finger. PID controller is also known as three term 
control algorithm and used very widely in process control industry. Even if three term controller was 
first introduced in 1936 by the Taylor Instrument Company, Nicolas Minorsky had analyzed the prop-
erties of the three term controller in 1922 (Bennett, 1984). In 1942, Ziegler and Nichols published a 

Figure 4. References for joint angles of (a) joint 1, (b) joint 2, and (c) joint 3; (d) trajectory of the finger 
tip for closing motion
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paper (Ziegler and Nichols, 1942) where they described two methods for tuning the parameters of P, PI 
and PID controllers. These two methods are known as the Ziegler-Nichols’ closed loop method, and the 
Ziegler-Nichols’ open loop method. Based on a survey of over eleven thousand controllers (Åström and 
Murray, 2008), more than 90% of the control and automation applications are done by PID controllers 
since it is effective and easy to implement. The main factor for the choice of controller is that it has a 
simpler structure and gives satisfactory results by setting a small number of parameters which can be 
explained physically.

PID controller structure includes the effects of present, past and future errors as inputs and the con-
trol signal as the output of the controller that can be seen in Equation (2) and in Figure (5). K

P
, T
I

 and 
T
D

are positive PID parameters, which denote proportional gain, integral time and derivative time re-
spectively.

u t K e t
T

e d T
de t

dtP
I

D( ) = ( )+ ( ) +
( )










∫

1
τ τ  (2)

In the control law, the term that includes the proportional gainK
P

 depends on the present error. The sum 
of past errors is obtained by the term including integral gain K T

P I
, and the term with derivative gain 

K T
P D

 gives an estimation of future errors. Therefore, the control signal is composed of the sum of these 
three actions. Proportional gain is applied to the error between reference and measured or calculated state 
output. Integral and derivative gains are also applied to the integral and derivative of error between reference 
and state output respectively. While larger values of proportional gain give faster response, instability and 
oscillations can occur for very large values of proportional gain. Additionally, proportional gain cannot be 
adequate to remove steady state error by itself. However integral gain can eliminate the steady state error 
and also larger values of integral gain remove steady state error rapidly. On the other hand derivative gain 
has the ability to decrease overshoot, but gives slower transient response for larger values. It should be 
noted that the differentiation of the error may cause instability due to signal noise amplification.

In order to tune the PID controller, the trial and error method, which is also known as manual tuning, 
was preferred. The tuning was begun with the proportional term till a sufficient response is get from the 
closed loop system. Then, integral term was increased to remove steady state error. Finally, derivative 
term was tuned to reach reference quickly by decreasing the settling time.

Figure 5. PID controller structure
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For the implementation of the proposed PID control, heuristics-based tuning was followed for each 
local PID controller independently. Although there has been a long standing belief that PID control is 
inadequate to cope with highly nonlinear systems (Cervantes and Ramirez, 2001), Rigatos and Siano 
(2011) proposed a robust power system stabilizer using Kharitonov’s extremal gain margin theory. Simi-
larly, a class of stabilizing decentralized PID controllers was determined for an n-link robot manipulator 
using Kharitonov’s theorem and boundary stability condition by Leena and Ray (2012). Cervantes and 
Ramirez (2001) also showed semiglobal stability with arbitrary small output tracking error of robot 
manipulators under classical PID control.

It is worth noting that all the states were assumed to be measured and available for feedback during 
the PID control design. In fact, this will be also the case for the SMC and FLC designs. On the other 
hand, although it is not in the scope of this study, it is possible to implement the control schemes with 
observers for minimum number of sensor measurements and estimation of velocities and forces (Rigatos, 
2012; Rigatos, 2014).

Robust Control Application: Sliding Mode Control (SMC)

As a variable structure system, in sliding mode controlled systems, control action is intentionally changed 
depending on the states of the system according to certain predefined rules (Edwards and Spurgeon, 
1998). By doing so, the system is driven towards a sliding surface and constrained to stay over that sur-
face. Then system states converge to zero by sliding on that surface. In fact, there are mainly two stages 
during the design of this controller. First, sliding surface is defined in the state space, and second, the 
control law is derived that will construct and maintain such a sliding motion. Since the control law is 
based on the Lyapunov’s direct method, stability of the system is guaranteed.

The equation of motion of the finger model can be arranged in the state space form as

�x f u= ( )+  x B  (3)

Here x = +[ , ..., , , ..., ]x x x x
n n n

T
1 1 2

. The second half of the states are the time derivatives of the first 
half and 2n  is the number of the states, f ( )x is 2 1n×  vector that includes the non-linear part of the 
equations without control inputs, u  is n×1  control torque input vector, [ ]B  is 2n n×  control input 
matrix. The sliding surface is defined as,

σ = 

G e  (4)

Here e x x= −r  is the difference between the reference value and system response, namely the 
tracking error, and G


  includes the sliding surface slopes. Then:

σ αi i i= +
i
e e�  (5)
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α
i
 represents the negative value of the each related sliding surface slope. For stability, following 

Lyapunov function candidate, which is proposed for a non-chattering action, has to be positive definite 
and its derivative has to be negative semi-definite.

V = >
σ σT

2
0  (6)

d
dt
V
= + ≤
� �σ σ σ σT T

2 2
0  (7)

If the limit condition is applied to Equation (7), the sliding mode condition is obtained as

d
dt

d t
dt

G
d
dt

σ Φ
= − =

( )
[ ]

x
0  (8)

where

Φ t G
r( ) =   x  (9)

From Equations (3) and (8)

d t
dt

G x B
eq

Φ( )
[ ]− ( )+  ( ) =f u 0  (10)

where u
eq

 is the equivalent control torque input vector for the limit condition. Finally, the equivalent 
control torque input is obtained as

u f
eq

GB
d t

dt
G x= 




( )
− 

 ( )













−1 Φ
 (11)

Since equivalent control is valid only on the sliding surface, an additional term should be defined to 
drive the system to the surface. For this purpose derivative of the Lyapunov function is selected as follows.

�V = − 


 <σ σT Γ 0  (12)

By equating the Equations (7) and (12)

σ σ σ σT T� = − 


Γ  (13)
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d
dt
σ

σ+ 

 =Γ 0  (14)

by using the �x  from Equation (3) and taking the derivative of Equation (4)

d t
dt

G x B
Φ

σ
( )

[ ]− ( )+  ( )+   =f u Γ 0  (15)

by using the control law for equivalent control in Equation (11) the total control input is found to be

u u= + 







−

eq
GB

1
Γ σ  (16)

With the designed control law (16), the derivative of the positive definite Lyapunov function (6) 
with respect to time along the system trajectories (3) is negative definite as selected in Equation 
(12). Therefore, the system is asymptotically stable and sliding variable is regulated to zero, that 
is, σ→ 0  as t →∞ . Then, positive definite values of α

i
 provide stable sliding motion on the 

sliding surface, and tracking error variable is also regulated to zero, that is, e → 0  as t →∞ .

GB


−1

 is always invertible and equals to mass matrix for mechanical systems. The control gain 

matrix Γ

  is a positive definite matrix and its entries are decided by trial at the design stage. 

However, if the knowledge concerning on f x( )  and B

  is poor, then calculated equivalent control 

inputs will be different from the needed equivalent control inputs. Therefore, in this study, it was 
assumed that the equivalent control is the average of the total control. For estimation of the equiv-
alent control, an averaging filter, here a low pass filter with time constant τ , was designed as fol-
lows.

û u
eq s
=

+
1
1τ

 (17)

As a result the non-chattering control torque input can be given as

u u= + 







−

êq
GB

1
Γ σ  (18)

The main idea in using a low-pass filter is that the low frequencies determine the characteristics of 
the signal and high frequencies come from the unmodeled dynamics. The time constant of the low-pass 
filter should be sufficiently small to preserve the slow component undistorted and it should be large 
enough to eliminate the high-frequency component. Then, the output of the low-pass filter tends to the 
equivalent control (Utkin et al., 1999). Thus, stability of the system is preserved.
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Intelligent Control Application: Fuzzy Logic Control (FLC)

In FLC, linguistic expressions are used for the controller design to generate a knowledge-based control 
method which consists of the intuition of human operators or experts. These heuristic decision rules are 
generally in the following form for a system with two inputs and single output:

If (x is X) and (y is Y) Then (u is U) (19)

The fuzzification, inference and defuzzification are the main steps in FLC applications. In the first 
step, membership functions and their ranges are established for the variables used in the control design. 
In the second step, the controller output is set according to predefined rules which are based on the 
knowledge about system characteristics coming from human operators or experts. In the last step, the 
output values could not be used directly, thus a suitable defuzzification method is chosen to convert the 
output to a crisp value. There are different defuzzification methods available in the literature such as, 
maximum membership principle, weighted average method, centroid method; while the last one is often 
preferred by the researchers (Arslan et al., 2008) and it was used in this study.

In order to control the movement of the robotic hand finger, a PD type fuzzy logic controller was 
used in the study. Structure of the controller is shown in Figure 6. In the control structure, error e

N
and 

its derivative �e
N

 were used as inputs. The output of the PD-type fuzzy controller was the control signal 
u
N

.
The fuzzification of the input and output variables was done by Gaussian membership functions. 

Membership functions for the error e
N

 and its derivative �e
N

 are shown in Figure 7a and membership 
functions for the output u

N
 are shown in Figure 7b. In the membership functions, NB, NM, NS, Z, PS, 

PM and PB denote negative big, negative medium, negative small, zero, positive small, positive medium 
and positive big, respectively. All the membership functions were defined on the [-1,1] closed interval. 
SFe and SFde are the input scaling factors. SFu is the output scaling factor of the PD-type fuzzy logic 
controller. All these scaling factors were used in order to map the related crisp values to their fuzzy 
universe of discourse. In order to obtain a good tracking performance of the controller, trial and error 
based heuristic tuning was carried out to determine the scaling factors of the controller. Relations between 
the input and output variables for the PD type controller were given below. The subscript N denotes the 
normalized variable in the equations.

Figure 6. General structure of the controller
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e SF e
N e
=  (20)

� �e SF e
N de
=  (21)

u t SF u
u N

( )=  (22)

The output u
N

 was calculated by the rule table shown in Table 1 for the PD-type fuzzy logic control-
ler.

Figure 7. Membership functions for a) input variables b) output variable

Table 1. Rule table for u
N

 

�e
N

NB NS Z PS PB

e
N

NB NB NB NM NS Z

NS NB NM NS Z PS

Z NM NS Z PS PM

PS NS Z PS PM PB

PB Z PS PM PB PB
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The construction of rule base was done by the following approach:
Suppose that the system output is far from the desired output, i.e. e

N
 is PB and �e

N
 is Z (Figure 8, 

case 1) then u
N

 is selected to be PM in order to decrease the error value and bring the system state to 
the desired value rapidly. In case 2, the e

N
 is Z, but it tends to increase due to the nonzero �e

N
 thus, u

N
 

should not be zero and it is selected to be NM. In case 3, both e
N

 and �e
N

 are Z, which is the desired 
case and the system does not need any control input therefore, u

N
 is selected to be Z. The rules are in 

the following form for the PD-type fuzzy logic controller:

If is PB and If is Z Then is PM Case
If
e e u
e
N N N

N

        
 

 ( ) ( ) ( ) ( )� 1 23
(( ) ( ) ( ) ( )
(
is Z and If is NB Then is NM Case

If is
e u

e
N N

N

       
  

 � 2 24
ZZ and If is Z Then is Z Casee uN N) ( ) ( ) ( )       � 3 25

 

It is well known that conventional FLCs operate like SMCs with a boundary layer. It is considered 
that there is a sliding line along the diagonal of the fuzzy rule base and the control signal has opposite 
signs at the two sides. Thus, evidence about the stability of the closed-loop control system can be ob-
tained by the analogy between conventional FLC and SMC (Palm, 1992). Design parameters of all three 
controllers were given in Appendix C.

5. NUMERICAL RESULTS AND DISCUSSION

The numerical results of biomimetic robot hand finger model with the designed PID, sliding mode and 
fuzzy logic controllers were presented in this section.

The error between the reference and simulated joint angles were calculated and given in Figure 9a 
for the PID controlled case. The time history of control torques was also given in Figure 9b. According 
to the results, maximum peak error, along with the maximum control torques, was observed in joint 1. 
Abrupt changes in tracking error and control torque were observed especially for the second joint of 
the finger model that is due to the resistive torque applied after 0.3 s of the motion. Similarly, sudden 
changes in tracking errors and control torques were observed towards the end of the motion that are due 
to the disturbance torques applied to the each finger joints.

Figure 8. Graphical representations for the sample rules
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In Figure 10, the time histories of tracking errors and control torques for the sliding mode controlled 
case were presented. According to the results, maximum control torque was observed in joint 1 as it 
was for the PID case. Sudden changes in tracking errors and control torques were also observed for all 
joints of the finger model due to the applied disturbance torques and resistive torques. Also it was seen 
that the sliding mode controller recovered fast after application of the disturbances.

The tracking errors were given in Figure 11a for the fuzzy logic controlled case, and time history 
of control torques was also given in Figure 11b. According to the results, maximum control torque was 
observed in joint 1 as it was for the PID and sliding model controlled cases. Abrupt changes in track-
ing errors and control torques were also observed for all joints of the finger model due to the applied 
disturbance torques and resistive torque. It was seen that the FLC recovered fast after application of the 
disturbances.

Figure 9. Time responses for PID controlled case: (a) tracking errors, (b) control torques
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In order to quantitatively compare the trajectory tracking performances of the designed controllers, the 
Integral of Absolute Error (IAE) performance index was also calculated for related joint tracking errors 
and control torques, and tabulated in Table 2 and Table 3, respectively. The IAE (ei) represents the tracking 
performance for the related link and IAE (ui) denotes the control effort used for the actuation of the related 
link. It is observed that the IAE (ei) takes minimum values for the two of the three joints with the sliding 
mode controller when compared with the PID and fuzzy logic controlled cases. On the other hand the IAE 
(ui) values for all the joints are almost the same for all the controllers designed. Therefore it is deduced that 
sliding mode controlled case provide better performance than the PID and fuzzy controllers.

Figure 10. Time responses for siding mode controlled case: (a) tracking errors. (b) control torques
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Figure 11. Time responses for fuzzy logic controlled case: (a) tracking errors, (b) control torques

Table 2. IAE values for tracking errors 

IAE (e
1

) (x10-3) IAE (e
2

) (x10-3) IAE (e
3

) (x10-3)

PID 9,1 6,2 11,3

Fuzzy 8,6 10,4 3,5

SMC 0,4 4 3,9
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Table 3. IAE values for control torques 

IAE (u
1

) (x10-3) IAE (u
2

) (x10-3) IAE (u
3

) (x10-3)

PID 2,791 1.658 0,1

Fuzzy 2,797 1,661 0,1

SMC 2,791 1,657 0,1

Figure 12. Comparison of the tracking errors under disturbance effects
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In order to compare the performances of the presented controllers in terms of stability and disturbance 
compensation, tracking errors were depicted together in Figure 12. According to the results, it is seen 
that all the controllers operate stable in the sense of Lyapunov, that is, all the tracking errors are bounded 
in the presence of disturbances. If the performances of the controllers in coping with the disturbances 
are investigated, it is observed that the SMC outperformed the PID and FLC, since the variation of the 
tracking errors obtained from SMC are less and tend to zero faster than those of PID and FLC.

6. CONCLUSION

To enable the robotic hands to achieve similar motion capabilities as human hand, various types of 
controllers have been employed. This chapter presents a comparative evaluation of widely used control 
strategies in robot hands. By taking both the trajectory tracking and joint torque production performances 
into account, it can be concluded that sliding mode controller outperformed PID and fuzzy logic control-
lers. However, numerical results were obtained from simulation applications and therefore, we should 
make this comment with caution, unless the corresponding controllers are applied to the real systems 
and the experimental results are analyzed.
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KEY TERMS AND DEFINITIONS

Biomimetic Robot Hand: Human-made robot hands that imitate human nature.
Dexterous Manipulation: The ability of a manipulator to perform an action in an effective and 

skillful way.
Fuzzy Logic Control: A knowledge-based control method that is based on the fuzzy set theory.
Intelligent Control: Intelligent control is a class of control methods that use various artificial intel-

ligence computing approaches.
PID Control: A classical control approach that sends the control signal to the plant which is equal 

to the proportional gain times the magnitude of the error e (difference between a measured process 
variable and a desired setpoint) plus the integral gain times the integral of the e plus the derivative gain 
times the derivative of the e.

Robust Control: Robust control is a method which is particularly focusing on the implications of 
model uncertainty and external disturbances.

Sliding Mode Control: A special class of variable structure control systems in which the control 
law is deliberately changed during the control process according to some predefined rules depending 
on the states of the system. It is known with its robust behavior.
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APPENDIX 1

Table 4. Numerical parameters for the finger model 

Parameter Numerical Value Unit Parameter Numerical Value Unit

m
1 0.0027 [kg] L

2 0.019 [kgm2]

m
2 0.0013 [kg] L

3 0.017 [kgm2]

m
3 0.0005 [kg] a 0.0185 [m]

b b b
1 2 3
= = 0.0001 [Nms] b 0.0095 [m]

M
1 0.0027 [kg] c 0.0085 [m]

M
2 0.0010 [kg] µ 0.001 [Nm]

M
3 0.0004 [kg] m

f 1 0.0009 [Nm]

I
1 3.1693 x 10-7 [kg] m

f 2 0.0006 [Nm]

I
2 3.3003 x 10-8 [kg] m

f 3 0.0003 [Nm]

I
3 1.0181 x 10-8 [kg] m

a 100 [s-1]

L
1 0.037 [kgm2] m

t 1.37 [s]
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APPENDIX 2

Mass Matrix [ ( )]M θ :

[ ( )]M

A A A LAc cM Lc L c

A A L Ac cM L

θ =

+ + + + +( )
+ + +

1 2 3 1 4 2 3 1 23 2 3

2 3 1 4 2 3 1

2 2

cc L c

A cM Lc L c

A A L Ac cM Lc L c

23 2 3

3 3 1 23 2 3

2 3 1 4 2 3 1 23 2 3

2

2

+( )
+ +( )

+ + + +( ))
+ +
+

+ +( )
+





A A cM L c

A cM L c

A cM Lc L c

A cM L c

A

2 3 3 2 3

3 3 2 3

3 3 1 23 2 3

3 3 2 3

3

2



















































 

Coriolis and Centrifugal Vector C( , )θ θ� :

C( , )θ θ

θ θ θ θ
�

� � � �

=

− +( ) +( )− +(b L A s cM s cM L s L s
1 1 1 4 2 3 23 1 2 2

2
3 1 23 2 3

2 )) + +( )
+ +( ) −

2 2

2
1 3 2 3 3

2

2 2 1 4 2 3 23 1
2

3 2 3

� � � � �

� �
θ θ θ θ θ

θ θb L A s cM s cM L s �� � � � �

� � � �
θ θ θ θ θ

θ θ θ θ
1 3 2 3 3

2

3 3 3 1 23 2 3 1
2

2 3 1

2

2

+ +( )
+ +( ) +b cM L s L s L s

22 2
2+( )( )





















�θ

 

Gravity Vector G( )θ :

G( )θ =
+ +( )
+( )











g Ac Ac cM c

g Ac cM c

gcM c

5 1 6 12 3 123

6 12 3 123

3 123 
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Disturbance Torque Vector F:

F = +





















τ
τ τ
τ

d

d r

d

1

2

3

; τ
d i

f i

a t

m

m t m
=
+ − −1 exp( ( ))

(i=1,2,3); τ µ θ
r

sign= ( )�  

where

A M a I M M m m L
1 1

2
1 2 3 2 3 1

2= + + + + +( )  

A M b I M m L
2 2

2
2 3 3 2

2= + + +( )  

A M c I
3 3

2
3

= +  

A M b M m L
4 2 3 3 2
= + +( )  

A M a M M m m L
5 1 2 3 2 3 1
= + + + +( )  

A M b M m L
6 2 3 3 2
= + +( )  

The abbreviations used in above equations:

c
1 1
= cos θ , 

s
2 2
= sin θ , 

c
123 1 2 3
= + +( )cos θ θ θ , 

s
23 2 3
= +( )sin θ θ . 
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APPENDIX 3

Table 5. Numerical values of the parameters for the designed controllers 

PID SMC Fuzzy

Parameter Numerical Value Parameter Numerical Value Parameter Numerical Value

T
I 1 0.5 τ

1 0.0006 SF
e1 2.5

T
I 2 0.5 τ

2 0.0006 SF
de1 0.004

T
I 3 0.5 τ

3 0.0006 SF
e2 2.5

T
D1 0.001 α

1 5 SF
de2 0.004

T
D2 0.001 α

2 5 SF
e3 2.5

T
D3 0.001 α

3 5 SF
de3 0.004

K
P1 0.1 Γ

1 200 SF
u1 0.2

K
P2 0.1 Γ

2 400 SF
u2 0.1

K
P 3 0.01 Γ

3 800 SF
u3 0.03
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APPENDIX 4

Table 6. Nomenclature 

PID Proportional-integral-derivative.

SMC Sliding mode control.

FLC Fuzzy logic control.

[ ( )]M θ Mass matrix.

C( , )θ θ� Vector of Coriolis and centrifugal terms.

G( )θ Gravity vector.

u Generalized torque vector.

F Vector of disturbance torques.

x , �x Vector of state and its time derivative.

e , �e Vector of error and its time derivative.

V Lyapunov function.

σ Sliding surface.

SF Scaling factor.

IAE Integral of Absolute Error.


