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Abstract 
 
In this study, a sliding mode controlled dual arm robotic system was designed. Such multi-arm, collaborative and synchronous robots 

typically are employed in hazardous situations such as radioactive materials transport explosives disposal and industrial applications. In 
the present study, a high performance, robust, non-chattering sliding mode controller (SMC) was developed for the purpose of safe load 
handling, transportation and trajectory realization. First, dynamic equations of robot/load interaction were derived. Then, the robust SMC 
was designed for the dual arm robotic system. In order to test the robustness of the proposed SMC, parameter variations and external 
disturbances were introduced to the system. Furthermore, for comparative purposes, the conventional and widely used, PID controller 
was also applied to the dual arm robot. Significantly, it was found that the SMC made smaller trajectory tracking errors than the PID 
controller. An overall analysis of the numerical results confirmed that the dual-arm robotic systems with the proposed SMC can safely 
and effectively be used in hazardous applications. 
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1. Introduction 

Dual arm cooperative robot systems are used in a wide 
range of industrial applications. This is so mainly because 
those robotic systems are able to handle large objects and as-
semble complex industrial parts with high precision as well as 
reliably, such as in production of metal sheet profiles and 
welding with heavy machinery on production lines [1-3]. Not 
surprisingly then, for hazardous tasks such as transportation of 
active uranium in nuclear power plants or disposal of explo-
sive ordnances, dual-arm robotic systems are frequently pre-
ferred [4]. A dual arm robot is more advantageous than the 
single arm version due to the lesser joint torque requirement 
for the same task. However, the main disadvantage of using a 
two-arm robot arises from the necessity of more complex 
mechanical analysis and control strategy design [5]. The diffi-
culty in mechanical analysis for dual arms comes mainly from 
the closed chain system, which is formed during the manipula-
tion of the objects, and which is much more kinematically and 
dynamically complex than the typical serial manipulator con-
figuration [6]. This enhanced complexity is due also to the 
additional requirements of maintaining a grasp and the neces-
sity to coordinate dynamic interaction between the robot arms 

[7].  
In order to ensure a good tracking performance on the robot 

trajectory, it is required that a controller be employed to coor-
dinate the arms synchronously. Uchiyama et al. [8] applied a 
hybrid control technique to a two-arm industrial robot. La-
roussi et al. [9] considered linear state feedback for stabiliza-
tion and control of two planar robots in lifting a load and 
transporting it to a new location. Lin and Huang [10] pre-
sented a fuzzy force control framework for object handling 
with a dual industrial robotic system. However, unexpected 
disturbances and obstacles can occur in the robot system’s 
workspace or task environment. In these circumstances, main-
taining the desired motion trajectory requires the use of a ro-
bust and reliable controller. Thus, the sliding mode controller 
(SMC) was investigated in the present study. 

The variable structure SMC has enjoyed widespread use 
and attention since the paper by Utkin [11]. In this control 
method, the states of the system are directed to reach a prede-
fined sliding surface after which they are maintained on that 
surface by means of a sliding motion. While sliding, the sys-
tem is insensitive to parameter variations and external distur-
bances. In fact, it is on account of the SMC’s robust behaviour, 
that it has found a wide applications in industry, ranging from 
robotic manipulator control [12, 13] to control of mobile ro-
bots [14, 15], process control [16], flight control [17], and so 
on. However, the classical SMC suffers from chattering, 
which is due generally to the discontinuous term included in 
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the control signal, and which can be harmful to the mechanical 
components of the system. One way to eliminate this problem 
is to replace the discontinuous signum function in the control 
signal with a saturation [18] or sigmoid like function [19]. For 
example, fuzzy-inference-obtained continuous approximation 
is one solution that has been employed [20]. In the present 
study, chattering was avoided by designing the controller 
without a discontinuous term. 

The aim of this study was to investigate the performance of 
two coordinated planar sliding mode controlled arms in trans-
porting a load to its new location with friction-assisted han-
dling. Since these robotic systems are widely used in hazard-
ous environments, robust SMC was preferred in this study 
which provides efficient tracking performance. The rest of the 
paper is organized as follows. In Section 2, the physical model 
of the dual arm robotic system is presented. In Section 3, the 
SMC methodology is introduced. in Section 4, the numerical 
test results are discussed, and finally, in Section 5, conclusions 
are drawn. 
 

2. Physical model 

A model of the cooperative robotic system consisting of 
two planar robot arms with actuating motors at the revolute 
joints is illustrated in Fig. 1. The system has four degrees of 
freedom (DoF). When the system handles an object, the DoF  
reduces to two, owing to the constraints. Note that the load is 
not allowed to rotate. In the physical model of the robotic 
system, mi, Ii and Li (i = 1,2,3,4) represents the mass, mass 
moment of inertia and length of the related links, respectively. 
Here, ki is the distance of the center of mass of each link to the 
preceding joint and θi is the joint angle of the related link. 
Additionally, m(t) is the mass of the load, and d1 and d2 denote 
the width of the rectangular load and the distance between the 
bases of the robot arms. Also, there is viscous frictions acting 
on all of the joints denoted by bi. The numerical values of the 
parameters were given in the Appendix. 

The robot arms move in the horizontal xy-plane and gravity 

acts in the negative z-direction. There are two periods of ro-
botic motion. First, the robots start from their home position 
and move towards the rectangular load. Then, the robots han-
dle the load and transport it to its new position while tracking 
the given trajectory as seen in Fig. 2. 

In order to perform the transportation task, the robot arms 
apply forces F1, F2 from the arm tips to the load (Fig. 3). Fric-
tion-assisted handling prevents slippage of the load from the 
contact points during motion. The friction forces Fs1, Fs2 and 
their components Fs1y, Fs1z, Fs2y, Fs2z between the arm tips and 
the load surface are shown in Fig. 3. Here µ represents the 
coefficient of dry friction. In this study it was deemed that the 
load be moved without rotation. Thus, Fs1y and Fs2y were equal, 
preventing rotation about the z-axis. Fs1z and Fs2z also were 
equal, since there was to be no rotation about the y-axis, either. 
Then: 
 

1s yF  = 2s yF   (1) 

1s zF  = 2s zF  = ( ) / 2m t g   (2) 
 
The equations of motion after handling the load were given as 
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where Aj (j = 1,2,…,6) are the constant coefficients given in 

 
Fig. 1. Physical model of the robot arms. 

 
Fig. 2. Motion of the robot arms. 
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the Appendix, ui (i = 1,2,3,4) are the control torque inputs and 
wi are external disturbance torques. 

Since the x, y coordinates of the center of mass are com-
monly-employed in defining the trajectory of both arms, the 
DoF of the overall system reduces to two. 
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The dynamic equations of the load are: 
 

2 1( ) mm t x F F= −&&   (9) 

1 2( ) 2 2m s y s ym t y F F= =&&   (10) 
 
and the expressions for friction forces are: 
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Since the direction of the forces F1 and F2 are always set to-
wards the load so that the load can be effectively handled, these 
forces should be positive. Therefore, the friction force equation, 
which yields a positive signed solution for both F1 and F2, 
should be chosen. In this study the following solutions were 
used. If the acceleration of the load in the x-direction is equal to 
or greater than zero ( ( ) 0m tx ≥&& ), then using Eq. (11), the fol-
lowing relations for F1 and F2 are obtained. 
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Here, since ( ) 0m tx ≥&&  is satisfied, the interaction forces F1 and 

F2 are both positive. If ( ) 0m tx <&& , Eq. (12) is used and the 
following relations for the interaction forces are obtained. 
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Here, since ( ) 0m tx <&&  is satisfied, the interaction forces F1 and 
F2 are both positive. 
 

3. Controller design 

In sliding-mode-controlled systems, the control input is 
changed according to predefined rules, which drives, and 
maintains the system states on a sliding surface. Therefore, for 
the SMC, there are two steps in the design. The first is to de-
fine the sliding surface in the state space, and the second is to 
obtain the control law in order to construct and maintain the 
intended sliding motion. In the course of the sliding motion 
the system is insensitive to parameter variations and external 
disturbances. A general representation of such sliding motion 
on the phase plane for a second order system is given in Fig. 4. 
Besides its invariance properties the classical SMC has a 
drawback called chattering, which is due mainly to the discon-
tinuous term included in the control law, namely the signum 
function. This discontinuous control signal in fact can harm 
the mechanical components of the system. Therefore in the 
present study, the control law was designed without the sig-
num function, effecting a non-chattering control signal. 

The state space form of a non-linear dynamic system can be 
written as 
 

( ) [ ]Bφ= +f u&φ   (17) 
 

where [ ]1 1 2, , , , , T
n n nφ φ φ φ+= K Kφ . The second half of the 

states are the time derivatives of the first half for mechanical 
systems, respectively. 2n is the number of states. In Eq. (17), 
( )φf  is the 2n×1 vector of the state equations without the 

control inputs which may include non-linearities, u is an n×1 
generalized torque input vector and [B] is a 2n×n matrix the  
elements of which are the coefficients of the generalized con-
trol inputs in the state equations. For the first arm of the dual 
arm robot system, by choosing the state variables as 

1(1) 2(1) 3(1) 4(1) 1 2 1 2
T T

φ φ φ φ θ θ θ θ⎡ ⎤ ⎡ ⎤= ⎣ ⎦⎣ ⎦
& &  and the control input as u 

(1) = [u1 u2]T the equations of motion can be arranged in      
the form of Eq. (17). Similarly, for the second robot arm by 

defining the state variables as 1(2) 2(2) 3(2) 4(2)
T

φ φ φ φ⎡ ⎤ =⎣ ⎦  

3 4 3 4
T

θ θ θ θ⎡ ⎤⎣ ⎦
& &  and the control input vector as u (2) = [u3 u4]T the 

equations of motion for arm also can be arranged in the form of 
Eq. (17). Here, the subscripts (1) and (2) in the state variables 

 
 
Fig. 3. Representation of forces acting on load. 
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stand for the first and second robot, respectively. Therefore, the 
controller design for the robot arms can be treated separately, 
and for  presentational clarity, the subscripts (1) and (2) are 
not used here in the discussion of the controller design. The 
sliding surface was defined as  
 

( ){ }: , 0S tφ= =φ σ .  (18) 
 
For a control system, the sliding surface can be selected as 
 

[ ]G=σ ∆φ .  (19) 
 
Here 
 

T[ d /dt]r= − = e e∆φ φ φ   (20) 
 
is the difference between the reference value and the system 
response. [G] includes the sliding surface slopes 
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for which iλ  is the slope parameter representing the negative 
value of the each related sliding surface slope, 
 

i iλ= +i ie e&σ .  (22) 
 
For overall stability, the following Lyapunov function candi-
date has to be positive definite and its derivative has to be 
negative semi-definite. 
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2
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v σ σ
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If the limit condition is applied to Eq. (24), the sliding mode 
condition is obtained as 

( ) [ ]dd d 0
dt dt dt

t
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where 
 

( ) [ ] rt G=A φ .  (26) 
 
From Eqs. (17) and (25) 
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0
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t
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A
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where ueq is the equivalent control torque input vector for the 
limit condition. Finally equivalent control is found with 
 

[ ] ( ) [ ] ( )1 d
( )

dteq
t

t GB G φ− ⎛ ⎞
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⎝ ⎠

A
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Equivalent control is valid only on a sliding surface, and so an 
additional term needs to be defined to pull the system to the 
surface. Since the design with the classical Lyapunov deriva-
tive suffers from chattering, the present study trialled a new  
candidate derivative that enables chattering-free dual-arm robot 
control. The new derivative of the Lyapunov function can be 
selected according to 
 

[ ] 0Γ= − <Tv& σ σ .  (29) 
 
Then, by equating (24) to (29) 
 

[ ]T T= − Γ&σ σ σ σ   (30) 

[ ] 0d
dt

+ Γ =
σ
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By taking the derivative of Eq. (19) and using φ&  from Eq. 
(17) 
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Au f σ .  (33) 

 
With ueq, the control law given in Eq. (28), the total control 

input is found by 
 

[ ] [ ]1( ) ( )eqt t GB −= + Γu u σ   (34) 
 
[GB]-1 is always invertible and equal to the mass matrix for 
mechanical systems. [Γ] is a positive definite matrix, and the 
values of its entries are determined by trial and error at the 
design stage. However, if ( )φf  and [B] are not known exactly, 
the calculated equivalent control inputs will be completely 
different from the actual equivalent control inputs. Thus, in this 
study, it was assumed that the equivalent control is the average 
of the total control [21]. For estimation of the equivalent con-

 
 
Fig. 4. Representation of sliding motion for a second order system. 
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trol, an averaging filter, here a low pass filter, can be designed 
as follows 
 

ˆ ˆeq eqτ + =u u u&   (35) 
 
where τ  is the time constant of the low pass filter. The main 
idea, used in the design stage of the low pass filter, is that low 
frequencies determine the characteristics of the signal and high 
frequencies come from unmodeled dynamics. Using such esti-
mation minimizes the need for system information for the con-
trol input calculation. Finally then, the control input results in, 
 

[ ] [ ]1ˆ( ) ( )eqt t GB −= + Γu u σ .  (36) 
 

4. Numerical results 

Numerical test results for the two-arm robotic system are 
presented in this section. For comparison, the numerical re-
sults obtained using the PID controller, also are presented. The 
PID controller was selected since it is widely used in industry. 
The control rule for the PID controller is 
 

0

( ) 1( ) ( ) ( )p d
i

t
d e tu t K e t e t dt

dt
τ

τ

⎛ ⎞
⎜ ⎟= + +⎜ ⎟⎜ ⎟
⎝ ⎠

∫   (37) 

 
where the pK is the proportional gain, τd is the derivative time 
and τi is the integral time. The PID controller was tuned by trial 
and error at the design stage. The SMC without the chattering-
free term (SMCS) also was used, for comparative purpose as 
well. Its design procedure is similar to that for the designed 
SMC controller given in Section 3. For the SMCS, a different 
Lyapunov function derivative is used such that 
 

[ ] ( ) 0Γ sign= − <Tv& σ σ ;  (38) 
 
then the control law is found as 
 

[ ] [ ]1ˆ( ) ( ) ( )eqt t GB sign−= + Γu u σ .  (39) 
 
Here, ( )sign ⋅  is the signum function. The parameters of the 
designed controllers are given in the Appendix. 

In order to test the robustness of the designed controllers, 
normally distributed noise components were introduced to the 
related joints. These components were considered as external 
disturbance torques iw  (i = 1,2,3,4) acting on the related 

joints and they are represented in Fig. 5. Additionally, in order 
to test the performance of the designed controllers in the face 
of parameter variations, a sudden change in the mass of the 
load as seen in Fig. 5, also was introduced. 

There are two stages in the motion of the robot arms, 
namely approaching and transportation. Initially, in the pre-
sent investigations, the robot arms were at rest and the corre-
sponding initial values of the joint angles were 1(0) 0θ = , 

2 (0) / 2θ π= , 3(0)θ π=  and 4 (0) / 2θ π= − . In the first part 
of the motion, the robots were approaching to the load and in 
the second part of the motion the robot arms handled the load 
and transported it to its new location. The reference trajecto-
ries for the robot arms for the approaching motion are given in 
Eqs. (40)-(43). Additionally, the reference trajectories for the 
coordinates of the load center during the transportation motion 
are defined in Eqs. (44)-(45): 
 

3
1 1 1 1( ) ( )exp( 50 )p r f i fx t x x x t= + − −   (40) 

3
1 1 1 1( ) ( )exp( 50 )p r f i fy t y y y t= + − −   (41) 

3
2 2 2 2( ) ( )exp( 50 )p r f i fx t x x x t= + − −   (42) 

3
2 2 2 2( ) ( )exp( 50 )p r f i fy t y y y t= + − −   (43) 

3

; 2
( )

( )exp( 50( 2) ) ; 2
i

m r
f i f

x t
x t

x x x t t

<⎧⎪= ⎨
+ − − − ≥⎪⎩

  (44) 

3

; 2
( )

( )exp( 50( 2) ) ; 2
i

m r
f i f

y t
y t

y y y t t

<⎧⎪= ⎨
+ − − − ≥⎪⎩

  (45) 

 
Here 1p  and 2p  denote the endpoints of the first and second 
robot arms, respectively. Also, in the approaching mo-
tion, 1 1 2 2( , ),( , )i i i ix y x y  are the initial coordinates and 

1 1 2 2( , ),( , )f f f fx y x y  are the final coordinates of the endpoints 
of the robot arms. Similarly, ( , )i ix y  and ( , )f fx y  are the 
initial and final coordinates of the load for the transportation 
motion. The initial and final coordinates of the load and robot 
arm tips are given in the Appendix. The approaching motion 
was accomplished by the 2nd second, at which time the trans-
portation motion initiated. The motion of the robot arms and 
the transportation of the load, for the SMC case, are depicted in 
Fig. 6 The dotted lines represent the approaching stage and the 
solid lines stand for the transportation stage of motion. 

The reference angles for the controllers were obtained by in-
verse kinematics using the desired trajectory for the load. 

 
Fig. 5. Disturbance torques and mass variation of load. 

 
 
Fig. 6. Motion of the robot arms. 
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These reference angles, along with the PID and sliding-mode-
controlled joint angles, are given in Fig. 7. It can be seen that 
both of the robot arms tracked their trajectory successfully, 
given that the reference and actual angle values overlapped. 

The tracking errors for the related joint angles are shown in 
Fig. 8. For all of the joints, the maximum tracking error magni-
tudes were below 0.5 degrees, indicating the success of the PID, 
SMCS and SMC. Additionally, it should be noted that even 
though there existed external disturbances on the joints and 
there was a sudden change in the mass of the load, with the 
designed SMCS and SMC the robot arms tracked their speci-
fied trajectories with higher accuracy than with the PID con-
troller. Also it should be noted that, for the PID controlled case, 
there were changes in the error magnitudes at 2.1t = s which 
was due to the sudden mass variation of the load. In contrast, 
for the sliding mode controlled cases there was no change in 
the tracking error magnitudes at 2.1t = s that verifies the ro-
bustness of the sliding mode controllers. Also, the figure shows 
that there was a chattering effect for SMCS due to the sign term 
whereas in the SMC case there was no such effect. 

Fig. 9 displays the tracking errors of the endpoints of the ro-
bot arms for the PID, SMCS and SMC cases. It is evident that 
the SMCS and SMC showed a better performance in accurate 
trajectory tracking than did the PID controller. Yet, as was the 

case with the tracking errors of the joint angles (Fig. 8), chatter-
ing was observed for the tracking errors of the endpoints of the 
robot arms in the SMCS case. 

The variations of the magnitudes of the interaction forces F1 
and F2 versus time for the PID and sliding mode controlled 
cases are given in Fig. 10. Both forces had zero magnitudes 
during the 0 2t≤ ≤  time interval since there was no interac-
tion between the load and the robot arms during the approach-
ing motion. Then, in the second part of the motion, the load 
was handled and forces accordingly started to act. The increase 
in the magnitudes of the forces at t = 2.1s was due to the in-
crease of the mass of the load. At the end of the motion, it was 
observed that there existed residual force for both F1 and F2,  
due to the weight of the load. In fact the sum of these residual 
forces was equal to ( ) /m t g µ . 

The joint torques produced by the PID, SMCS and SMC and 
acting on the related joints, are plotted in Fig. 11. The changes 
in the torque magnitudes at 2t = s was due to the load han-
dling which produced interaction forces at the contact points 
between the load and the tip of the robot arms. The desired 
non-chattering control torque action was realized during the 
load approaching and transportation actions thanks to the pro-
posed SMC whereas for the SMCS case there exists chattering 
which potentially can harm the mechanical components of the 
system. 

Finally, Integral of Squarred Error (ISE) performance indices 
were calculated for the joint errors and torques, and they are 
tabulated in Table 1 and Table 2. Here, ISE (ei) represents the 
tracking performance for the related link and ISE (ui) denotes 
the control effort used for the actuation of the related link. Af-

 
Fig. 7. The reference and the actual joint angles. 

 

 
Fig. 8. Tracking errors of the related joint angles. 

 
Fig. 9. Tracking errors of the endpoints of the robot arms. 

 

 
Fig. 10. Interaction forces. 
 



 N. Yagiz et al. / Journal of Mechanical Science and Technology 24 (5) (2010) 1177~1184 1183 
 

  

ter investigating those performance indices, it was clear that by 
the use of the SMC, the ISE (ei) value was reduced for all the 
links without increasing the ISE (ui). This verifies the effec-
tiveness of the SMC. Additionally, the performances of the 
PID and SMC with different control gains were analyzed. To 
that end, the Kpj and Γj (j = 1,2,3,4) values were increased by 
20% for one case and decreased by 20% for another case,  as 
depicted in Tables 1 and 2 as PID1, SMC1 and PID2, SMC2, 
respectively. Upon examining those performance indices, it  
was apparent that the SMC outperformed the PID, all of the  
tracking errors having been smaller in the former case. Fur-
thermore, it  bears noting again that the SMC, in increasing 
tracking performance for different control gains, does not re-
quire more control effort than the PID controller. 

 

5. Conclusions 

In this study, a dual-arm robotic system for load transportation 
tasks was evaluated. Since reliability and robustness are the key 
desirable properties for that type of system, a controller designed 
to ensure them was investigated. In fact, according to an analysis 
of the numerical results, the sliding mode controller (SMC) pro-
vided accurate trajectory tracking, along with safe handling and 
transportation, even with parameter variations and external dis-
turbances. Moreover, calculated trajectory tracking errors 
showed that the SMC performed more accurately than the 
widely used conventional PID controller. In light of these find-
ings, the SMC can be recommended for applications requiring 
high accuracy and safe handling. 
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Appendix 

i) Numerical parameters of two-arm robotic system: 
 

mi = 1 [kg] 
Ii = 0.0833 [kgm2] 
Li = 1 [m] 
ki = 0.5 [m] 
m (t) = See Fig. 5 

µ = 0.3 
bi = 100 [Nms] 
d1 = 0.2 [m] 
d2 =1 [m] 

 

i = 1,2,3,4 
 
ii) Constant coefficients Ai used in the equations of motion of 

robot arms: 
 

2 2
1 1 1 2 1 1A m k m L I= + +   (A.1) 

2
2 2 2 2A m k I= +   (A.2) 

3 2 1 2A m L k=   (A.3) 
2 2

4 3 3 4 3 3A m k m L I= + +   (A.4) 
2

5 4 4 4A m k I= +   (A.5) 

6 4 3 4A m L k=   (A.6) 

iii) Numerical parameters of controllers: 
 

SMC  SMCS  PID 

τj = 0.001 
Γj = 1000 
λj = 2 

 τj = 0.001 
Γj = 70 
λj = 2 

 Kpj = 30000 
τij = 0.1 
τdj = 0.01 

j = 1,2,3,4 
 
iv) Initial and final coordinates of load and robot arm tips: 

 
Robot Arm Tips  Load 

 (xi1,yi1) = (1.5,1) [m] 
 (xf1,yf1) = (0.1,1.5) [m] 
 (xi2,yi2) = (-1.5,1) [m] 
 (xf2,yf2) = (-0.1,1.5) [m] 

 (xi,yi) = (0,1.5) [m] 
 (xf,yf) = (0.5,1.75) [m] 
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