Supplemental Materials: Proof of Theorem 1

In this section, we provide the proof of Theorem 1. First recall the outcome
Y is modeled as the linear model, Y = X©B+E, where E = [¢;;] is nx K matrix
with €, i.i.d. ~ N(0,02). Let Y = vec(Y’), ® = vec(0’) and € = vec(E’). The

model can be written as,
Y=(X®B)O+e (A.1)

It is convenient to centralize X. Let X. = [X 1 — X 1,..., X.p — X _p], where X_p
is the mean of the p-th column of X. Then (A.1) can be written as the centered

form,
Y = (X ® B')O((y11):s(p+1)) + Ky + €, (A.2)

where O((y41):(s(P+1)) is the © deleting the first J components, and py is the
mean vector which does not depend on X,.. Since it is enough to verify the
consistency and sparsistency under the centered model (A.2), we slightly abuse
the notation as follows. Denote X, ® B’ as X, and O(41):(s(p+1))] as ©. Let
(:)A, ©! and ©° be the vectorized estimators without the intercept. And let

©,=0,. (:);1, @{J and (:)g are defined similarly.

Proof. First consider the adaptive group lasso estimator ©4. Since An/n — 0,
according to standard theory of M-estimator, 04 5 @. So we only need to
prove the sparsistency.

Let P be the true nonzero set, i.e., P = {p : ®, # 0}. Without loss of
generality, assume the first a groups of © is truly nonzero, that is, P = {1, ..., a}.
Let Xp and ®p be the corresponding components of X and ® indexed by the
nonzero groups, that is Xp = X[1.n,1:q) ® B, 0p = O[1:(as)- And define

©7 = argmin |[Y - XpOp|? + 1, > w(0))[|©,]. (A.3)
pEP



Since A\, /n — 0, we also have éé L ©p. Let

BN 1

Yxy = - XY,
n

~ 1,

Yxx = —X'X,
n

= 1

EX€ = 7X/6.
n

Since (y;, i1, ..., Tip) are i.i.d. and have finite fourth moment, we have %XéXc =
Cov(z), where Cov(z) is the covariance matrix of (x;1,...,Z;). It can be seen
that cach element of Sxy is a linear combination of elements in Cov(z). There-

fore, ]E(f]xx) exists and let Xxx = E(ixx). We have
Sxx = xx + Op(n /),
Sxe = Op(n~1?).
With some simple algebra, it is easy to show that X'uy = 0. Therefore,
Sxy = %X/(XQ +py +e€) = SxxO + Sx.
= (Zxx + Op(n™2))® + 0, (n™1?) = Lxx, Op + Op(n~/?),

where Yxx, are the sub-matrix of Yxx with column index in nonzero groups,
that is, Yxx, = E(2XXp). Furthermore, define Sx,x, = E(1XLXp), P° =
{(a =+ 1), ,P} and Xpe = X[,(a+1):P] ® B’. Then EX’PCXP’ iX«po, ixpcxp,

EA]XXP; EXPY and EXPCY are similarly defined. Therefore,
Sy — S, O = Tix, (Op — O) + 0y(n™2),
which implies

ipr - ixpxp (:)é = Yx,p%p (Op — (:)71‘;) +0,(n71?), (A4)

Sspey — Sxpeitp Of = St posin (Op — O8) + Oy (n1/?2). (A.5)

Define $(04) = dia <w(é?)1 w(©) 1 ) Taking derivative of (A.3) with
P) = A8 18t 21840 ) 8 ‘

respect to ©,,, we obtain the following condition,

S5y — Sxpx, Of = 171N, X(O4)O%. (A.6)



Combining (A.4) and (A.6), we have
Op — O =n" '\ 5! N(OR)OH + 0p(n~1/?).
Therefore, from (A.5),

Spe¥ — Sxpekp OF = Vit pexn (Op — OR) + O, (n1?)
= n_l/\nEchXPZSE;XPE(éé)éé + Op(n_1/2)~ (A.7)
Since o, — 0, 0/ — 00, O° = @ + O, (n"1/2), we have

193]l 5

e 00, w(©9) 5 0, for p € P, (A.8)
ICH =0\ P c
— = 0,w(®,) =1, for p € P°. (A.9)

Since A, /v/n — oo, for each p € P¢, combining (A.7), (A.8) and (A.9),

n S S A P
QU(T?))A””EXPY - EXPXPG'P” — 0
Therefore,
c 2n S S A
P{Vp e Pe, Ainzpr — EX;JXP@P” < 1} — 1. (AlO)
w(OH)A,

We define a P.J-length vector ©4 as the combination of (:)é and a (P — a)J-
length vector of zero. Since (A.6) and (A.10), with probability approaching to
1, ©4 satisfies

w(©%) ~
( p)GA for p € P,

ipr - ixpx(:)A =n"'\,—= P
2[04]

Hf]xpy - iXpXéAH < (2n)_1)\nw((§2), for p € P,

where (:);‘ is (p—1)J+1 to pJ elements of @7@. The above condition is exactly
the optimality condition for the adaptive group lasso (Yuan & Lin, 2006), which
justifies the sparsistency.

Now we consider integrative group lasso estimator e Similarly, according
to standard theory of M-estimator, e’ 5 e. We only prove the sparsistency

below.



Define

©f = argmin [[Y - XpOp|? + A, > w(0,)[|0,]. (A.11)
peEP

Similarly to the previous proof, we have
Sxpy = Sxpir O = iy (O — OF) + 0y (n™?), (A.12)
ichY — ichXp é:)713 = EchXp (@'p - élp) + Op<n_1/2). (Al?))
Define M = [m,;] with
Lw(@1)(18!|)- 141, if 10| # 67|,
sw(©)(16e7]1)~16;

pli] ﬁw(@f,)H@f)Hsgn(é;[j]) otherwise,

Mpj =

where éém is the j-th component of éf) and (:)ZI, is the (p—1)J+1 to pJ elements
of é;, Define M(é;,) = vec(M’). Taking derivative of (A.11) with respect to

©Op, we obtain
Sxpy — Lxpx, Oh = n7 1N, M(OL). (A.14)
From (A.12) and (A.14) we have
Op — O =n"'\ S5l M(OL) +0,(n~/2).
Following (A.13),

St = Sitpestp O = Loy (O — O5) + 0p(n~7?)
=1 A Sxpexs Xy, M(O5) + Op(n71/2).
Note that when o,, — 0, M(é{,) % 0, where 0 is a zero vector of length aJ,
since (:){) LN Op.
Therefore, since \,,/v/n — oo, for p € P,

n

X 1S5,y — 2x,%,05 & 0.

We obtain,

2n o S ~
P{¥p € P*, = 1I8x,v — Sx,%,0p[ <1} - 1.



Define a PJ-length vector ©! as the combination of é{, and a (P —a)J length
vector of zeros. With probability approaching one, O satisfies the following

conditions,

S S ! -1
Yx,y — 2x,x0" =n /\"lew for p € P, (A.15)

||§XPY — ixpxéln < (271)_1)\7“ for p € Pe. (A16)

To finish the proof, we will show in the following that (A.15) and (A.16) are
equivalent to the optimality condition of the integrative group lasso. The proof
of (A.15) is trivial and omitted. So we only prove the second one in details.
The centered integrative group lasso criterion is

argmin [[Y — XO|> + 1, Y " w(©,)]©,]. (A.17)

p

Taking derivative of (A.17) with respect to ®, at 0 in u direction,

d ~ ~ ~ ~
—_ (@lzxxg — 2E§§Y®) = 22pr®u’ — 2pryu’,
dt t=0+

d wlut)ut] _ .

@, (@)1 = lin = limw(ut) = 1

©7 is the minimizer only if for any direction u, the directional derivative is

greater and equal to 0, which is equivalent to
min(28x x@'u' — 25x yu' +n"1A,) > 0. (A.18)

Since the left hand side of (A.18) is minimized as —2||§JXPY - flxpxélﬂ +n7\,
when u = —(ixpx(:)l—ZA)Xpy)/HZA]XpXéI—EA]XPY||, (A.18) is equivalent to (A.16).
O



