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This supplement contains the proofs of Lemma A.1 and Lemma A.2 stated in the Appendix of [3].

Lemma A.1. Let || X||oc = maxy |Xp| and e —c| = > | I(e; # ¢;). Then

1
P(max || X (€)oo > €) < 2K exp <_@62ﬂn> ; (1)

for e < 3C, where C' = max{xy,x, Py}

. n m+2 _§
P( max ()~ X(@)l 2 0 <2( ) 2exp (<2 ) ©)
for e > 6Cm/n.
B N\ rom42 L)
B( max 1X(e) ~ X(@)l > 0 <2( 1) K™ 2exp (g )

for e <6Cm/n.

Proof. This lemma is similar to Lemma 1.1 of [1], but since the proof in [1] contains some relatively
minor errors, we give a full proof here for completeness. First note that in order to prove (1), it is
sufficient to show

1
P(Xiu(e)] = ce.6) < 2exp (i) (@)

where

|

Xri(e) = —[Opi(e) — E(Og(e)le,0)] ,

n

i=1 i<j
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The proof relies on Bernstein’s inequality (see e.g., [2]): If Y; are independent, |Y;| < M,EY; =
0,Sr = Ele Y;, then

w2
P@%!Ew)§2wp<—VMGhﬂwaB>- (5)

Note that conditioning on ¢, @, A;; are independent and |A4;;| < 1. Let B = 2, and then (5) becomes

w2
PﬂunXm@ﬂltha9)§26xp<—yhdomkj£§+2uv3>- (6)

In order to compare two terms in the denominator, we need to evaluate Var(Oy|c, 0):

Var(Aij‘ca 0) = pneiejpcicj- - (pneiejpcicj')2 < pnC,
Var(Oylc,8) < (n+ 4(n — 1)n/2)p,C < 2n%p,C .

Let w = epuy, = en?p,, for € < 3C,

w? /2
P(|Xr(e)] = ele,0) < 2exp ~ Var(Ople, 0) +2w/3

e2ntp? 1
< 2exp <_8n2png> = 2exp <_@52Mn> .

We now prove (2) and (3). If €;,41 = ¢mt1, oy €0 = Cny

NE

Okl(e) — Okl(c) = (A“I(e, = k, €; = l) — A“I(CZ = k, C; = l))

1

<.
Il

+2) (Agl(e; = k,e; =1) — AijI(¢c; = k,c; = 1))

1<j
+22 Z (AZ]I(GZ = k,ej = l) - AU[(CZ = k,Cj = l)) .
i=1 j=m+1

var(Og(e) — Og()|e, 0) <[m + 4(m(m —1)/2 + m(n — m))]p,C < 4mnp,C .

We again apply (5). For |e — ¢| < m, € > 6Cm/n,

(en?pn)?/2
P(|X, - X > 0) <2 -
(Xule) ~ Xu(0)] 2 ce.6) < 2exp (Ll

< 2exp <—§eu )

For e < 6C'm/n,

(en?pn)?/2
P(|X - X > 0) <2 —
(Xule) ~ Xu()] 2 ce.6) < 2exp (Ll o

n
< 2exp <_ 16m062’“‘") '
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Lemma A.2. Let g, P, S be K x K matrices with nonnegative entries. Assume that
a) P and g are symmetric;

b) P does not have two identical columns;

c) there exists at least one nonzero entry in each column of S;

d) for 1 <k,l,a,b < K, gx = P, whenever Sk,Sip > 0.

Then S is a diagonal matriz or a row/column permutation of a diagonal matriz.

Proof. The proof is similar to Lemma 3.2 [1].

1) If there exists a permutation of the rows and columns of S such that its diagonals are all positive
after permutation, i.e., Sy, > 0 for b =1, ..., K. If S is not diagnonal, there exists k # a such that
Ska >0. Forb=1,.... K,

SkaSeh > 0= grp = Pyp,
SikSep > 0= grp = Pry,
= Pab = Pkb-

This contradicts with b).

2) If there does not exist such a permutation, then we can always permute row and columns of S,
such that for some m > 1, S;; =0 for 1 < 4,5 < m, and Sy, > 0 for b=m +1,..., K. By c), there
exists Sk,; > 0 for i = 1,...,m and some k; € {m +1,..., K}. Then

Sk;iSk1 > 0= gk, = Pin = P, fori=1,...,m.
SkiiSkiky > 0= grky = Piry = Pryi, fori=1,...,m.
= Py = Py, fori=1,...,m. (7)
Sklleb >0= Jk1b = Py, forb=m+1,... K.
Skllebb >0= Jk1b = Pklba forb=m+1,..., K.
= Pip = Pyp, forb=m+1,..., K. (8)

(7) and (8) contradict with b). O
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