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 BENDERS METHOD

 FLUCTUATION OF UPPER BOUND

 PROPOSED CUT

 APPLICATION-RESULTS

 CONCLUSION-FUTURE RESEARCH



 Jacobus Franciscus (Jacques) Βenders: Dutch 
Mathematician (1925-2017) Emeritus 
Professor of Operations Research at the 
Eindhoven University of Technology. 

 Benders, Jacques F. “Partitioning procedures 
for solving mixed-variables programming 
problems.” Numerische mathematik 4.1 
(1962): 238–252.



 Since 1962, more than 5.000 papers have been 
published, which modify, extend and 
accelerate the method. 

 Sections: 

 Mixed-Integer Linear Programming, 

 Stochastic Programming, 

 Multi-Objective Programming, 

 Non-Linear Programming

 Etc.



 Applications: 

 Crew Scheduling, 

 Plant Scheduling, 

 Supply Chain Network Design, 

 Power Systems

 Etc.
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 Primal Subproblem
(PSP)

Complicating variables



START

Solve Master Problem. Compute 
Lower Bound.

Solve SubProblem.

Upper Bound – Lower 
Bound >= e

Produce 
Benders 

Optimality 
Cut.

END

YES

NO

SubProblem is 
Feasible.

Compute Upper Bound.

NO

YES

Produce 
Benders 

Feasibility 
Cut.

Add Benders Cuts to Master 
Problem.



 Convergence of the Algorithm: UB-LB < e

(5)

(6)

(7)

(8)

(9)

 Relaxed Master Problem 
(RMP)

 Primal Subproblem
(PSP)

 Lower Bound (LB)= 𝑐𝑇𝑥 + 𝜃

 Upper Bound (UB)=𝑐𝑇𝑥 + 𝑑𝑇𝑦



 After we have found a feasible solution 
(UB<+∞), in the following iterations we find 
worse feasible solutions (UBcurrent>UBbestsofar).



 After we have found a feasible solution 
(UB<+∞), in the following iterations we add 
the following cut into the Dual Subproblem:

Minimize

s.t.

 Primal Subproblem (PSP)

Maximize

s.t.

 Augmented Dual 
Subproblem (ADSP)



 Proposed method: 

1. Iterate Benders Algorithm between RMP and 
DSP.

2. After we have found a feasible solution 
(UB<+∞), in each of the following iterations 
we solve both DSP and ADSP and add two 
(2) cuts into the RMP.



 Proposed method: 

1. Convergence of the proposed method is 
guaranteed by Benders algorithm 
convergence.

2. The cut obtained by ADSP is promising to be 
better than the classical Benders cut leading 
to faster convergence.



Crude Oil Scheduling



Crude Oil Scheduling



Crude Oil Scheduling
 Once the quantities and the types of crude oil 

required are known, schedulers must schedule 
the loading and unloading of tanks. The 
problem that arises then is how to schedule 
the transfer of crude oil from the docks to the 
tanks and from the tanks to the CDUs/VDUs, 
minimizing the setup cost of the system



Crude Oil Scheduling
 Data:

 Dimensions of the refinery

 Arrival dates of vessels based on mid‐term planning

 Demand of crude oil by the CDU

 Initial conditions (quantity and composition in each 
tank)and the system’s capabilities (operational times, tanks 
capacity and flow limits); 

 The No of tanks available for storage and their storage 
capacity

 The production rates

 The recipe preparation alternative

 The blending mode



Crude Oil Scheduling
 Mixed-Integer Problem

 Mathematical Formulation

 Classical Benders Algorithm

 Proposed method with proposed cut

 One example:
 1 Mooring site

 6 Tanks

 2 Crude Distillation Units

 3 Types of crude oil

 4 Time periods



Crude Oil Scheduling
 Mixed-Integer Problem

 Objective Function: Minimize Setup Cost
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Crude Oil Scheduling
 Mixed-Integer Problem

 Constraints:

 Load the tanks with the amount available in the mooring site

 

𝑧=1

𝑁𝑍

𝑋𝑖,𝑧,𝑗,𝑡 = 𝐸𝑖,𝑡 ∗ 𝑎𝑒𝑖,𝑗,𝑡 ∀𝑖, 𝑗, 𝑡

 Unload the tanks to meet the demand of CDUs

 

𝑧=1

𝑁𝑍

𝑌𝑧,𝑘,𝑗,𝑡 = 𝑆𝑘,𝑡 ∗ 𝑎𝑠𝑘,𝑗,𝑡 ∀𝑘, 𝑗, 𝑡

 Material balance in each tank each time period

𝐼𝑧,𝑗,𝑡 = 𝐼𝑧,𝑗,𝑡−1 + 

𝑖=1

𝑁𝑃

𝑋𝑖,𝑧,𝑗,𝑡 −  

𝑘=1

𝑁𝐶𝐷𝑈

𝑌𝑧,𝑘,𝑗,𝑡 , ∀𝑧, 𝑗, 𝑡



Crude Oil Scheduling
 Mixed-Integer Problem

 Constraints:

 Capacity constraint

 

𝑗=1

𝑁𝐽

𝐼𝑧,𝑗,𝑡 ≤ 𝐶𝑎𝑝, ∀𝑧, 𝑡

 Opening of a link for the loading of the tanks

𝐶𝑖,𝑧,𝑡 ≤ 

𝑗=1

𝑁𝐽

𝑋𝑖,𝑧,𝑗,𝑡 ≤ 𝐵𝑖𝑔𝑀 ∗ 𝐶𝑖,𝑧,𝑡 , ∀𝑖, 𝑧, 𝑡

 Opening of a link for the unloading of the tanks

𝐷𝑧,𝑘,𝑡 ≤ 

𝑗=1

𝑁𝐽

𝑌𝑧,𝑘,𝑗,𝑡 ≤ 𝐵𝑖𝑔𝑀 ∗ 𝐷𝑧,𝑘,𝑡, ∀𝑧, 𝑘, 𝑡



Crude Oil Scheduling
 Mixed-Integer Problem

 Constraints:

 Loading and unloading does not take place at the same time
𝐶𝑖,𝑧,𝑡 + 𝐷𝑧,𝑘,𝑡 ≤ 1, ∀𝑖, 𝑘, 𝑧, 𝑡

 A set-up cost is paid at the beginning of the loading or 
unloading period

𝐶𝑖,𝑧,𝑡−1 + 𝑆𝐶𝑖,𝑧,𝑡 ≥ 𝐶𝑖,𝑧,𝑡 , ∀𝑖, 𝑧, 𝑡

𝐷𝑧,𝑘,𝑡−1 + 𝑆𝐷𝑧,𝑘,𝑡 ≥ 𝐷𝑧,𝑘,𝑡, ∀𝑧, 𝑘, 𝑡

 No blending inside the tanks

 

𝑗=1

𝑁𝐽

𝐹𝑧,𝑗,𝑡 ≤ 1, ∀𝑧, 𝑡

𝐹𝑧,𝑗,𝑡 ≤ 𝐼𝑧,𝑗,𝑡 ≤ 𝐵𝑖𝑔𝑀 ∗ 𝐹𝑧,𝑗,𝑡 , ∀𝑧, 𝑗, 𝑡



Crude Oil Scheduling



CPU time (secs) Iterations

Classical Benders 
Algorithm

178.6 388

Proposed Method 126.8 253

Comparison -29% -34.7%

Crude Oil Scheduling



 Ongoing research focusing on the fluctuation 
of the Upper Bound during the Benders 
iterations.

 The proposed cut limits the feasible space of 
DSP leading to better Benders cuts produced.

 The first results are promising increasing the 
convergence rate, but not eliminating the 
fluctuation of UB.



 Implement the proposed method for solving 
large-scale problems (crude oil scheduling, 
supply chain network etc.)

 Investigate and focus on the main causes of 
the fluctuation of the Upper Bound. Does 
dealing with it lead to faster convergence?

 Develop other methods that deal with the 
fluctuation
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