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Two-sided matching markets, where the structure of preferences 

are given by utility functions that are real and continuous in the money 

variable (continous matching model), have particularly been useful to 

model environments that can be treated cooperatively and competitively. 

COOPERATIVE STRUCTURE COMPETITIVE STRUCTURE

CORE 

COMPETITIVE EQUILIBRIUM

COOPERATIVE EQUILIBRIUM



The characterization of the cooperative and the competitive

equilibrium concepts and the connection between these solution concepts

are of great interest to theorists in the extent that they contribute to a better

understanding of the fundamental similarities and differences between the

cooperative and competitive structures of markets.

This line of research has been developed since Shapley and Shubik (1962),

through the continuous two-sided matching models that have been created.

The purpose of this work is to contribute to the development of this line of

research analyzing a new continuous matching model introduced here.



SOME BRIEF HISTORY

In the previous continuous one-to-one and many-to-one matching models

studied in the literature, the agents’ payoffs are one-dimensional. (Shapley

and Shubik (1972), Demange and Gale (1985), Kelso and Crawford

(1982), Gul and Stacchetti (1999, 2000), Sotomayor (2002) ).

MULTIPLE-PARTNERS ASSIGNMENT GAME – Sotomayor (1992) 

assignment game + quotas

A buyer cannot acquire more than one item from the same seller.

MULTI-DIMENSIONAL PAYOFFS IN 

BOTH SIDES: pairwise and independent 

trades

3     (1,0)     (1,1)    2      1
q1 q2 q3 q4 q5

p1 p2

(1, 3, 2)          (1, 0, 2,1)

Main assumption:   additively separable utilitiesaij0 - value of  {pi,qj}

Core=cooperative equilibrium allocations=competitive equilibrium allocations
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set of cooperative equilibrium 

allocations  

set of cooperative equilibrium 

allocations                             

 ()

set of competitive equilibrium 

allocations 

Sotomayor, 1992 Sotomayor, 2007

The cooperative and competitive structures are more theoretically interesting

than those provided by markets where the payoffs are one-dimensional or

where the multiplicity of partnerships are restricted to only one of the sides of

the market.

Sotomayor (1992, 1999-a, 2007, 2009), Fagebaume, Gale and Sotomayor 2010) 



Core

≠ 

Set of 

stable 

allocations

≠

Set of 

competitive

equilibrium 

allocations

Example 1. (a core payoff that is not stable)

Firms: p1, p2; quotas of both firms: 2.

Workers: q1, q2; quota of q1: 1; quota of q2: 2.

Dummy worker: 0

q1 q2 0

a: p1 3 2 0

p2 3 3 0

{3}      {1, 2}   {0}                          

q1 q2 0

x’: .

p1 p2

{0, 1}     {1,0}

It  is stable

However both outcomes are in the

core!

x’ is stable but it is not a competitive

equilibrium allocation!

{0}    {1, 2}       {2.5}                           

0 q2 q1

y:

p1 p2

{0, 1}          {1, 0.5}

{2}        {1, 2}   {0}                          

q1 q2 0

x:          

p1 p2

{1, 1}        {1,0}

It  is unstable



Q-optimal stable allocation

Q-optimal competitive 

equilibrium allocation 

P-optimal stable 

allocation

P-optimal stable allocation=

P-optimal competitive equilibrium

allocation

(Sotomayor, 1999-a)  The core is not a lattice and the stable allocations forms a 

complete lattice under P and Q.

f
Q Q

A=stable allocations

B=competitive 

equilibrium 

allocations

By Tarski’s fixed point theorem,  B    is a non-empty sub-lattice of  A.

Sotomayor, 2007.

The competitive equilibrium allocations are the stable allocations in which

the sellers do not discriminate the buyers. (Sotomayor, 2007)



Time-sharing assignment game = assignment game +labor time

Assumption: Utilities are addittively separable.

It is not required that the good

be indivisible or that the

number of units be an integer

number. Thus, the good can be

thought of as being labor time.

Modification in the rules of the multiple-

partners assignment game:

A buyer is allowed to acquire more than

one unit of the good of a seller.



TIME-SHARING ASSIGNMENT GAME: (P, Q, r, s, a)

P and  Q - sets of agents (finite and disjoint); |

Every agent has a quota, given by any positive number, representing the 

amount of units of a divisible good  (e.g., labor time), which is to be 

distributed among the partnerships he forms, in any way he likes, and 

exchanged for money.

apq ≥0 - the amount of income which the pair  (p,q) can generate if these 

players contribute one unit of labor time to this partnership. 

Dummy-agents are included in both sides of the market for technical 

convenience.



2. For a partnership to be active both members must contribute the same

positive amount of labor time and each agent should receive equal individual

payoff per u.l.t. he contributes to the partnership.

BASIC RULES OF THE MARKET

1. The negotiations inside a partnership {p,q} must specify two terms:

(1) how the partners should divide the income apq they get per u.l.t and

(2) how much labor they should contribute to the partnership.

An allocation specifies a money allocation and a labor time allocation, which

includes the matching.
q1 q2 ........

1   3       1

p1 ............

2 (1,3)

q1 q2 ...

p1 ...

(5, 0)

a11=7, a12=1, ...



NATURE OF THE AGREEMENTS

The more or less flexibility between the two types of trades leads to two kinds of 

agreements:

Rigid agreement 

- the whole 

agreement is 

nullified once any 

of its terms is 

changed. (RIGID 

MARKET)

Flexible agreement (on the labor time) – a flexible 

agreement between  p and  q allows either agent to 

reformulate the agreement on the labor time, by 

decreasing the number of u.l.t. he contributes to the 

partnership without breaking the agreement corresponding 

to the division of the income  apq per u.l.t.. Therefore, any 

of the two agents is allowed to transfer part of his common 

labor time to some other current partnerships or to some 

new partnerships. (FLEXIBLE MARKET)

We will consider the rigid market and the flexible market. The flexible market 

is an auxiliary market which works as an analytical tool for the proofs of our 

results.  



Thompson (1980 ) – considers the case in which the goods are indivisible and no

agent discriminates any other agent in equilibrium.

Sotomayor (2002) – (continuous) time-sharing assignment game with one-

dimensional payoffs.

Baiou and Balinski (2002) - discrete case (ordinal preferences) under flexible

agreements.

Alkan and Gale (2003 ) -discrete flexible market under more complex preferences.

To date, however, no one has considered the (continuous) time-sharing

assignment game with multi-dimensional payoffs, with rigid agreements or

with flexible agreements. It is a genuinely new model.

Its analysis clarifies some of the issues that arise in the study of matching

problems, namely the characterization of the cooperative equilibrium concept

and its link with the competitive equilibrium concept, lending new insights.



In the competitive approach it is presupposed that the market operates as a two-

sided exchange economy. The Q-agents are the sellers who want to sell their

labor to the P-agents and all their units of labor time have the same price. The

prices are not negotiated, but taken as given by the buyers, who demand a

bundle of units of services, respecting their quotas.

COMPETITIVE STRUCTURE

Each buyer demands all vectors of u.l.t. that can be feasibly assigned to her and 

that give her the maximum total surplus.

(Sotomayor, 2007) A feasible allocation is a competitive equilibrium allocation if

at the given prices every buyer is assigned to an element of her demand set, the

price of every unsold object is its reservation price and every inactive buyer gets

her reservation payoff.



Sotomayor (2011) - An allocation is stable if there is no coalition of players who

can profitably deviate from the given allocation by acting according to the rules of

the game. Such a coalition is called deviating coalition. The actions which

characterize a feasible deviation are specified by the rules of the game.

An allocation is in the core if there is no coalition of players who can profitably

deviate from the given allocation by interacting only among themselves. Such a

coalition is called blocking coalition.

Gale and Shapley(1962) - Cooperative equilibrium allocations  stable allocations

Then, if we want to observe cooperative equilibria, it should be specified by the 

rules of the game if a coalition can or cannot do more than to merely interact 

among themselves. 

COOPERATIVE STRUCTURE



Definition 3. The feasible allocation A=(u’,w’;x’) quasi-dominates the feasible

allocation B=(u,w;x) via coalition T=RS, with RP and SQ, if

(i) Up < U’p pR, Wq<W’q qQ and

(ii) if pR and x’pq>0 then qS or x’pq=xpq and u’pq=upq; if qS and

x’pq>0 then pR or x’pq=xpq and w’pq=wpq.

Definition 4. A feasible allocation is setwise-stable if it is not quasi-dominated by

any other feasible allocation via some coalition.

Condition (ii) means that the players of coalition T reach allocation A by

1. breaking some of their current agreements,

2. keeping the whole terms of the agreements which were not broken, and

3. replacing the dissolved agreements with a new set of agreements reached

only among themselves.



Definition 5. The feasible allocation A=(u’,w’;x’) strongly quasi-dominates the

feasible allocation B=(u,w;x) via coalition T=RS, with RP and SQ,

if

(i) Up < U’p pR, Wq<W’q qS and

(ii) if pR and x’pq>0 then qS or xpq x’pq and u’pq=upq; if qS and

x’pq>0 then pR or xpq ≥ x’pq and w’pq=wpq.

Condition (ii) means that the players of coalition T reach allocation A by

1. breaking, non-necessarily, all their agreements,

2 keeping the whole terms of some of their current agreements which were not

broken and

2’. reformulating the terms of the remaining current agreements with respect to

the time allocation (by reducing the number of u.l.t and keeping the terms on the

division of the income apq), and

3. replacing the dissolved agreements with new agreements reached only among

themselves.

Definition 6. A feasible allocation is strongly-stable if it is not strongly quasi-

dominated by any other feasible allocation via some coalition.



Domination  quasi-domination  strong quasi-domination

Core  set of setwise-stable allocations  set of strongly-stable allocations
 

Core  set of stable allocations for the rigid market  set of stable
 

allocations for the flexible market

Proposition 1. (a) A feasible allocation is stable in the rigid market if and

only if it is setwise-stable; (b) a feasible allocation is stable in the flexible

market if and only if it is strongly-stable.



Toal payoff:  v1=5x2=10                   $0                              v2 v’1>10           v’2>0

q1 q2 q2 q1 q2

 : 5 1 1 4 1

p 0 p p

total payoff: up =(3-2)5=5 3-v2 < 5 u’p < (3-2.5)4 + 3=5

 is setwise-stable! It is easy to verify that there is no way for p to increase his

total payoff by only trading with q2. In order to increase his total payoff, p

must trade with both sellers, but there are no prices that can increase the current

total payoffs of the three agents. Then  is setwise-stable, so it is stable for the

rigid market. The details of the rules of the game about the nature of the

agreements are not relevant if we want to observe core allocations.  is in the

core of both markets.

Example: p  is a buyer,  {q1, q2}= set of sellers. Seller  q1 has 5 units of a good 

to sell and seller  q2 has only 1 unit of the same good. Buyer p values one unit 

of the good in $3 and is not allowed to acquire more than 5 units. 



 is not strongly-stable. In fact, the feasible allocation ’, where buyer p

acquires 4 units of the good of seller q1, for the same $2 for each unit, and

q2 sells his item to p for $1, is preferred to  by p and q2.

v1=10 v2=0 v’1={0, 8} v’2=1

q1 q2 q1 q2

 : 5 1 ’ : 1 4 1

p 0 0 p

up =5 u’p= {4 , 2)}

The agreement between p and  q2 at  ’ is new,  but the agreement between  p

and  q1 at  ’ is a reformulation of the agreement between these agents at  . If 

we do not know if this kind of interaction is allowed by the rules of the game, we 

cannot distinguish if  is or is not a cooperative equilibrium.

Allocation  is not stable for the flexible market; it is stable for the rigid 

market and the sellers do not discriminate the buyer. However, unlike the 

multiple-partners assignment game,   is not competitive! 



EXISTENCE OF STABLE ALLOCATIONS

The existence proof provides a new insight, not used yet in the continuous

matching models: competitive equilibrium allocations always exist and are

stable.

MULTIPLE PARTNERS ASSIGNMENT GAME - the competitive equilibrium

allocations are characterized as “the stable allocations which do not

discriminate the buyers”.

However, to characterize the

competitive equilibria in our models it

is required the additional property of

being strongly-stable: The

competitive equilibrium allocations

are the strongly-stable allocations

which do not discriminate the

buyers.

Then the flexible market lends its

cooperative structure, serving as a bridge

between the competitive and the

cooperative structures of the rigid model:

The competitive equilibrium allocations

are the stable allocations of the flexible

market which do not discriminate the

buyers. (Theorem 1)

Corollary 1. The competitive equilibrium allocations are stable in both markets and 

they are in the core.

It happens that, in the multiple-partners

assignment game, an allocation is

stable if and only if it has the strong-

stability property. This explains why

the competitive equilibrium allocations

for that model are the stable allocations,

which do not discriminate the buyers.



The property of strong-stability of the competitive equilibrium allocations

naturally emerges from some characterization of the set of strongly-stable

allocations.

(1,5)      (2 ,1,3)    (3,3,4)

q1 q2 q3

1   3        2     1    2     1  1  1

......  p1 ....      ....   ...... .....

1 5    5   5    2    2 1   3   3       3    3     4

q1 q1    q1 q1      q2 q2 q2   q2   q2       q3 q3 q3

A={2q1, 3q2} -P(A)=(5,5, 2,2,1)

B={4q1,1q3} - P(B)=(5,5,5,1, 3)

C={3q1,2q2} - P(C)=(5,5,5,  2,2)

................................................

If the allocation is strongly-stable then

C is in the set of selected bundles by

p1.

The allocation is strongly stable if and

only if every buyer is assigned a bundle

of her set of selected bundles. Then,

under a strongly-stable allocation in

which no seller discriminates any buyer,

every buyer is maximizing his total

surplus taking as given the prices of the

units supplied by the sellers. This is

precisely how the concept of

competitive equilibrium allocation is

defined !

Given the prices specified by the

feasible allocation, the problem faced

by p1 is to choose the bundle, with

five units, which gives her the highest

total payoff. However there are some

rules. If she wants to acquire some

units of q1 or q2 she must pay $5

for the first three units of q1 and 2$

for the first two units of q2.



A1

= Q-competitive 

equilibrium allocations

A6= the strongly-stable allocations which do not discriminate any agent = the 

competitive equilibrium allocations for both sides of the market.

A2

A3

A4 A5

A6

A1 = core A2 = setwise-stable allocations

A3= strongly-stable allocations

A4= strongly-stable allocations which

do not  discriminate the P-agents 

= P-competitive 

equilibrium allocations 

A5= strongly-stable allocations 

which do not discriminate the

Q-agents 

=stable allocations for the rigid market

= stable allocations for the flexible market

= pairwise-strongly-stable allocations



Theorem 3. Let x be an optimal labor time allocation. The set of

competitive allocations compatible with x, the set of stable

allocations compatible with x, for the flexible and for the rigid

models, and the set of core allocations compatible with x are all

non-empty.

Theorem 2. The set of competitive equilibrium 

allocations, the set of stable allocations for the flexible 

model, the set of stable allocations for the rigid model and 

the core are non-empty.



In the last part of this work we go beyond simple

considerations provided by the set inclusion relation and we also

examine the connection between the solution sets by focusing on their

algebraic structure.



LATTICE PROPERTY: Whole set               restricted to an optimal

labor time allocation

Core                                                             No                          No

Set of setwise-stable allocations                  No                          No

Set of strongly-stable allocations                 No                        Yes

Set of competitive equilibrium allocations   No                        Yes

As in the multiple-partners assignment game, the core is not a lattice.

Nevertheless, the changes in the rules of the multiple partners assignment game

also affect the lattice property of the set of stable allocations and of the set of

competitive equilibrium allocations. None of these sets is a lattice in both markets.

If we restrict the allocations to the same optimal labor time allocation, we can

define two partial order relations, P and Q. In this case the lattice property of

the set of strongly stable allocations and of the set of competitive equilibrium

allocations is recovered.



A
B

A  and  B  may generate different total payoffs.

C
D

C  and D may generate different total payoffs.

B(x)
B(y) ...   

Set of strongly-stable 

allocations

The changes in the rules of the multiple partners assignment game

affect the algebraic structure of the set of stable allocations of the two markets

in two different ways. In the rigid market, the set of stable allocations is not a

lattice, even if restricted to the same labor time allocation. In the flexible

market, this set splits into several non-empty lattices, each one corresponding

to an optimal labor time allocation. Such a structure does not guarantee the

existence of the optimal stable allocations for each side of the flexible market,

however.



A(x)                                                                     A(y)

P

1

P2

W1

W2

A(x)= lattice of competitive equilibrium allocations associated to matching  x;

A(y)= lattice of competitive equilibrium allocations associated to matching  y

B(x)= lattice of strongly stable allocations associated to matching  x;

B(y)= lattice of strongly stable allocations associated to matching  y

f

B(x)                                     B(y)

Theorem 4. There exist the P-optimal and the Q-optimal competitive equilibrium

allocations. 

P P



APPLICATION OF THEOREM 4

1. The problem of investigating the effects on the agents’ payoffs 

caused by the entrance of new agents in the market.

(P,Q) x

(P*P,Q) y

↓

P*

H

H



After entrance

Before 

entrance

x

x’

y

y’



C(x)

C(y)

C(z)

After entrance

Before 

entrance

In both models, these allocations always exist, they are stable and they preserve their 

characteristic of being the P-optimal or the Q-optimal competitive equilibrium 

allocation.

A

B

C

D

E

F

A’

C’

D’

B’
P

P

P

P

P



2. The design of an allocation mechanism which yields a stable

allocation. The usual procedure in matching markets is to allocate

the agents according to the P-optimal or the Q-optimal stable

allocations. Here again, the use of the optimal competitive

equilibrium allocations makes the problem treatable.

M=(P,Q,r,s,a)            H1 P-optimal competitive equilibrium allocation for M 

M=(P,Q,r,s,a)            H2 Q-optimal competitive equilibrium allocation for M


