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A Novel Approach of Modeling Cladding-Pumped
Highly Er–Yb Co-Doped Fiber Amplifiers
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Abstract—We present a new modeling method for cladding-
pumped highly Er–Yb co-doped fiber amplifiers. The method
combines the beam propagation method (BPM) for the field
propagation and nonlinear rate equations for the laser medium.
The pump absorption, which is obtained numerically from the
nonlinear rate equations, is used in BPM calculations of the field
propagation. As a result, our method can effectively deal with
difficult issues such as the multimode nature of cladding pumped
schemes even in complicated structures, as well as strong nonlin-
earities in highly Er–Yb-doped fiber amplifiers. The simulation
results are in very good agreement with experiments having
different structures and different concentrations of Er–Yb. The
method is particularly well suited to active fibers with low am-
plified spontaneous emission power, but it can also be developed
further for more general cases.

Index Terms—Erbium, optical fiber amplifiers, optical fiber fab-
rication, optical fiber lasers, optical fiber theory, ytterbium.

I. INTRODUCTION

RARE-EARTH-DOPED fiber lasers and fiber amplifiers
have received great attention in recent years due to

their efficiency, compactness, and, particularly, their potential
to various applications including communication systems,
biomedical equipment, materials processing, and fiber sensors.
Although there are many different configurations, fiber lasers
and fiber amplifiers can be divided into two categories based
on the optical pumping approach: single-mode pump (SMP)
or multimode pump (MMP). In the SMP scheme, single-mode
laser sources are used to couple pump power to the fiber core,
which is typically in the range of 10 m for single-mode fibers.
As a result, there are limitations in the pump coupling and
pump power in SMP methods. To overcome these problems,
a pumping method has been developed in which pump power
from multimode laser sources is coupled to a large clad sur-
rounding the single-mode rare-earth-doped core. The pump
power is gradually coupled to the doped core and is absorbed.
The method therefore is called cladding-pumped or the MMP
scheme since multimode laser sources are used. As a result, in
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the MMP scheme, the pump power can reach as high as several
hundred watts, and the pump coupling can be much more
flexible than in the SMP method. The most important questions
in the MMP approach are how to effectively couple the pump
power from the large clad to the small doped core and how to
describe the effects of cladding shapes and fiber structures to
the pump absorption and in turn the laser and amplifier perfor-
mance. Therefore, an experimentally verified modeling method
is needed in order to develop useful tools for the optimization
of cladding-pumped fiber lasers and amplifiers. However, to the
best of our knowledge, there is at present no such publication
of a modeling method for cladding-pumped fiber amplifiers
that can answer those questions.

So far, there have been attempts [1]–[3] at modeling cladding-
pumped Er–Yb fiber amplifiers based on the propagation and rate
equations model (PREM), which were initially developed for
the SMP schemes [4]–[9]. In [1], [2], SMP and signal fields are
characterized by well-defined distributions of the corresponding
fields in the transverse plane perpendicular
to the -axis along the fiber. The differences in the transverse
shapes of the pump and signal modes, as well as their overlap
with the transverse distribution of Yb and Er ions in the
core, are in general parameterized by factors known as overlap
factors, which can be considered to be geometrical correction
factors. In these models using overlap factors, the entire mode
will experience gain or loss but will preserve its transverse
profile. The model is then reduced to a one-dimensional (1-D)
problem where the pump and signal modes are propagating
along the fiber axis. Gain along the fiber can be modeled by
solving simultaneously: 1) the rate equations which describe the
populations in all the energy levels of Er and Yb ions that
participate in the amplification process and 2) the propagation
equations that give the distribution of signal and pump power
along the fiber [4]–[9]. It is worth noting that, in Valley’s work
[3], the author has taken into account the doping profiles in
the overlap factors for different levels in the Er and Yb
ions systems. The author also introduces the pump profiles

for multiple pump modes, but these mode profiles as
well the multimode nature of the cladding-pumped scheme are
not addressed in the paper. The key point of these modeling
methods for cladding-pumped fiber amplifiers is the so-called
effective overlap factor (EOF) approximation. In these models,
the multimode pump propagation is described by the same
single-mode equation replacing the overlap factor of the pump
field by an EOF , which is the ratio between the core and
cladding area [1], [2]. The use of the EOF is based on the as-
sumption that the absorption of the pump field guided in the
inner cladding, in the first approximation, is the absorption
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coefficient of the doped core multiplied by the ratio of core/inner
cladding areas. Although the approximation can be applied in
some specific cases as discussed in [10] and [11], in general,
this assumption has not been verified either experimentally or
theoretically [10]–[13]. More seriously, the method fails to ex-
plain why laser/amplifier performance depends on the cladding
shapes and/or fiber structures. This variability has been observed
experimentally and understood theoretically [10]–[12]. Theo-
retically, the EOF approximation neglects the multimode nature
(hundreds or even thousands modes) of the pump propagation
problem. Even in the simplest approximation where the mode
coupling is neglected, the transverse profile of the beam field is
not preserved, because the modes have different dispersions and
different overlaps with the absorption core. The modes, how-
ever, are coupled because of nonuniformities in the propagation
medium induced by pumping effects in the absorbed core and
by boundary effects (cladding shapes and/or structures). There-
fore, the EOF approximation, which assumes that the pump
field preserves its transverse profile and is independent of fiber
structures, does not fully or quantitatively capture the intricacies
of cladding-pumped fiber amplifiers. On the other hand, the stan-
dard beam propagation method (BPM) is a well-established and
very effective method to describe wave propagation in optical
waveguides, even those with complicated structure [14]–[16].
Although the standard BPM reflects the changes in the mode
profile caused by the elevated absorption coefficient and thereby
incorporates the absorptive mode-coupling effect, BPM does
not account for the detailed nonlinear saturation behavior of the
absorption coefficient or other processes such as upconversion,
and energy transfer in Er–Yb system, which are important at
the highly elevated doping levels of fibers most often used in
cladding-pump fiber amplifiers and lasers. Therefore, neither
the PREM nor the standard BPM provides an accurate model
for cladding-pumped Er–Yb fiber amplifiers, especially in the
case of highly rare-earth-doped fiber amplifiers.

The multimode nature of cladding pumped schemes and the
strong nonlinearities in highly Er–Yb-doped fiber amplifiers re-
quire new modeling methods to deal effectively with these dif-
ficult issues. Our study is motivated by the successful develop-
ment of a new class of fiber amplifiers that combine multimode
pumping and high gain per unit length fiber [13], [17]–[20].
In this paper, we present a new modeling method, the effec-
tive BPM, which incorporates the BPM for the field propaga-
tion and the rate equations for the amplifier medium. Instead of
assuming a constant absorption as in standard BPM, we numer-
ically solve the nonlinear rate equations in order to determine an
accurate pump absorption coefficient for the BPM calculation.
By treating the pump absorption in this way, all of the important
microscopic effects of fiber amplifiers, such as saturated absorp-
tion, upconversion, and energy transfer, are taken into account.
At the same time, the most difficult task in modeling multimode
pump propagation is effectively dealt with by the BPM. In prin-
ciple, the propagation of the signal can also be computed by
BPM, but the computing time is almost twice the time calcu-
lation for the pump field. Taking advantage of the fact that the
propagation of the signal in fiber is single mode, the signal prop-
agation can be solved by the integration method, which is much
simpler and faster than the BPM.

The calculation procedure of our method can be divided into
two steps: the main purpose of the first step is to obtain the
pump power in the core as a function of the propagation distance

. This is the most difficult task in the MMP scheme
due to the multimode nature of the pump propagation and due
to the effects of the cladding shape and fiber structure.
is then used to calculate the signal gain and noise figure in the
second step of the calculation. In this paper, we restrict ourselves
to cases where the effect of the Er-band amplified spontaneous
emissions (ASE) (in the 1550-nm region of the spectrum) on
the pump absorption (980-nm region) is negligibly small. Under
such conditions, the pump propagation can be considered in-
dependent of the Er-band ASE. Therefore, we can neglect the
Er-band ASE in the BPM calculation of in the first
step. In general, the above approximation is acceptable if: 1) the
fibers are short and the Er and Yb concentrations are such that
the accumulated ASE power is low compared to the saturation
power and 2) the ratio of Yb/Er concentration is high enough
so that the 980-nm pump absorption is dominated by the Yb
system. In the second and final step of the calculation, a system
of propagation equations for the single-mode (SM) signal and
ASEs are solved giving both the signal gain and noise figure,
using the obtained from the first step. Our method can
be extended further to apply to the more general cases where the
ASE effect on the pump absorption is not negligible. Finally, we
would like to stress that the Yb-band ASE produced in the 1- m
part of the spectrum is neglected. This is done in almost all mod-
eling works of Er–Yb co-doped fibers, because it is considered
to have an insignificant effect on the amplifier operation. More-
over, in our experiments with Er–Yb co-doped phosphate glass
fiber, we did not observe significant Yb-band ASE

The remainder of this paper is organized as follows. Section II
presents the nonlinear rate equations in the cladding-pump
scheme. Section III presents the BPM calculation for the pump
propagation; this section is the first step of the calculation
procedure mentioned above. The second step is presented in
Section IV. Section V compares the calculated gain and noise
figures. Section VI contains the discussion and conclusion.

II. NONLINEAR RATE EQUATIONS

Let us consider the absorption mechanism in the co-doped
Er–Yb system. We follow the conventional diagram of co-
operative energy transfer from ytterbium to erbium in phos-
phate-doped glass. In order to get the model as close as possible
to the experimental conditions, we take into account all pos-
sible up-conversion and cross relaxation processes between two
neighboring Er ions [6]–[9], [19]–[22]. These main physical
processes, which can take place in co-doped Er and Yb systems,
are described as in Fig. 1.

Pump photons around 975 nm are first absorbed by the
state, exciting it into the one of Yb . From there, a co-
operative energy transfer process between excited state
of Yb and the ground state of Er excites the Er
ion to the state while dropping back Yb to its ground
state . The process is described by the energy transfer co-
efficient . Er ions can also absorb photons around 975 nm,
but the absorption efficiency is much lower, as shown in the ab-
sorption cross sections in Fig. 2
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Fig. 1. Energy diagram describes the absorption and transfer in Er–Yb co-doped system.

As shown in energy diagram of Fig. 2, the highly co-doped
Er–Yb system is represented by a six-level diagram, in which
two other energy transfer processes from Yb to Er ions de-
scribed by (double-energy transfer), and (cumulative
transfer) coefficients are also taken into account. The and

processes are mainly responsible for the emission of green
and red light, respectively, which are observed experimentally.
Note that the green light is visible in highly doped micro fibers
at relatively high pumping conditions. The large phonon energy
in the phosphate host increases the transition probability for the

relaxation, which prevents the back energy
transfer from Er ion to Yb ion. The right part of the dia-
gram also illustrates the up-conversion and cross-re-
laxation processes taking place between the two neigh-
boring Er ions. Discussions of the above processes are presented
in the literature, such as the and terms in [6]–[9], [19],
the and terms in [19]–[22], and the double-transfer en-
ergy ( process) [23].

The rate equations for the highly co-doped Er–Yb fiber with
uniform Er–Yb doping distribution in the fiber core can be
written as follows:

(1)

(2)

(3)

(4)

(5)

with

(6)

Here, and are erbium and ytterbium concentrations,
respectively, and are assumed to have uniform spatial distribu-
tion in the fiber core. is the population of the th level in the
diagram of Fig. 1. In the following equations:

(7)

is the overlap factor of the single-mode signal field and is as-
sumed to be the same for all signal ASEs, ,
and are the absorption and emission cross sections of



NGUYEN et al.: NOVEL APPROACH OF MODELING CLADDING-PUMPED HIGHLY Er–Yb CO-DOPED FIBER AMPLIFIERS 1021

Fig. 2. (a) Yb and Er cross sections at 980-pumping wavelength. (b) Er cross
sections in 1550-nm-signal wavelength.

Er ions from the first level to the second level,
is the absorption cross section of the Er ions from

the first to the third level, and and are the ab-
sorption and emission cross sections of the Yb ions, respec-
tively. is the area of the doped core, is Planck’s constant, and

is the light velocity. The absorption and emission cross sec-
tions are plotted in Fig. 2(a) and (b). is the signal power,

are the forward ( ) and backward ( ) propagating
optical powers of the ASE at frequency in an interval at
a propagation distance in the fiber. The Er-band ASE region
in the Er -ion system is taken in a wavelength region given by

nm nm and is usually described by several
hundred equations of propagation. The pump power in the core

corresponds to the integral of the pump intensity over
the core cross section at propagation distance .

In our method, the pump propagation is calculated by BPM
coupled with the nonlinear rate (1)–(5) so that both the mul-
timode nature of cladding-pumped propagation, and all rele-
vant processes in the Er–Yb co-doped fiber amplifiers can be
captured quantitatively. As the BPM requires a relatively large

amount of computer memory, it is not practical to take into ac-
count all of the ASE effects, which are usually described by sev-
eral hundred propagation equations during the BPM calculation.
As stated earlier, we therefore restrict ourselves to cases where
the Er-band ASE effect on the pump absorption is negligible. On
the other hand, if the signal has high input power or high gain so
that the signal power in the fiber is comparable to the saturated
power, the excited-state population of the Er -ion system can
be depleted, causing higher pump absorption in the Er -ion
system. Then, it becomes necessary to include the signal prop-
agation during the BPM calculation of the pump propagation to
ensure more accurate results.

The propagation of the single-mode signal in the fiber can be
described by the following differential equation:

(8)

Here, is the local gain of the signal, is the
propagation loss of the waveguide and can be considered to
be constant for the whole fiber. It is worth noting that, in
the effective overlap factor approximation method, the pump
propagation can be described by a single-mode propagation
equation in which the overlap factor is replaced by the effective
overlap factor [1], [2].

The propagation equation for the single-mode signal can
be numerically integrated as long as the local populations and
the local signal gain are determined by solving the nonlinear
rate equations (1)–(5) and taking into account (6) and (7).
It is clear that both pump and signal powers in the doped
core determine the local populations and, therefore,
the local gain of the signal. As discussed in the
Introduction, the multimode propagation of the pumping field
in the cladding-pumped scheme is complicated and cannot be
described either by a simple effective overlap approximation
or a standard BPM. However, as will be presented below,
by combining the nonlinear rate equations with the BMP,
we can describe not only the amplifier operation in a simple
double-cladding fiber but even in complicated structures. We
would like to stress that, even under the stated conditions,
where the Er-band ASE effects on the pump absorption are
negligible, its effect on the signal gain should not be neglected.
Therefore, it is necessary to calculate the signal gain taking
into account the ASE effects. That task will be carried out in
the second step described in Section V.

III. EFFECTIVE BPM FOR CLADDING-PUMPED

FIBER AMPLIFIERS

As mentioned above, the standard BPM dating back to the
1970s [14]–[16] has proven to be a very good modeling method
for multimode light propagation in optical waveguides—even
those with complicated structures. The BPM has been widely
used in the optics industry as well as in scientific applications—
with commercial software available. Here, we present the incor-
poration of the standard BPM and the nonlinear rate equations
to model and simulate the cladding-pumped Er–Yb-doped fiber
amplifiers and rare-earth doped fiber in general.
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The paraxial wave equation for the slowly varying electric
field envelop of a field of frequency propagating
along the -axis in a waveguide can be written as

(9)

where where is the back-
ground or reference refractive index and the free-space wave-
length, is the refractive-index
profile relative to , and is the power absorption/loss
of the waveguide. The operators and are given by

(10)

(11)

In the BPM, a small propagation step is implemented
using the following approximation to the exact formal results
[14]–[16]:

(12)

where means take a half step of diffraction alone, and
means take the whole step of the waveguide structure

alone. This calculation is third-order accurate in the step length
and requires that the change produced by each step is small

compared to unity [14]–[16]. Equation (12) can be solved very
effectively by a fast Fourier transformation (FFT). It is worth
stressing that, in the above processes, the pump absorption co-
efficient in the BPM calculation is a function of local
populations, which can be calculated from the nonlinear rate
equations (1)–(5) to yield (13), shown at the bottom of the page.

Let us present here the calculation processes in our effective
BPM, which incorporates the nonlinear rate equations and the
standard BPM. The processes can be described as follows (see
the diagram in Fig. 3).

At the entrance of the fiber, the transverse power distribu-
tion of the pump (and therefore the pump
power in the core ) and signal are
known and are taken as input parameters. The nonlinear rate
equations (1)–(5) are solved numerically providing values of
the local erbium and ytterbium populations
at , and therefore the values of the local pump absorption

and the local signal gain are computed.

Fig. 3. Diagram of calculation processes in effective BPM.

Having given the value of the pump absorption , the
BPM then computes the transverse distribution of the pump
power , and then
is determined where is a step increment in the calculation.
At the same time, the single-mode propagation equation for the
signal can be integrated numerically with the known local gain

to produce the signal power .
With the knowledge of the transverse distributions of the pump
power , , and the signal power at

, the rate equations are solved numerically de-
termining local populations, pump absorption, and signal gain
at . The pump and signal propagation are calcu-
lated by BPM and integration, respectively, to the next step in-
crement . The processes are repeated until the desired fiber
length is reached. The Effective BPM outputs the pump and
signal powers as a function of propagation distance . Most im-
portantly, the pump power in the doped core as a function of
propagation distance can also be obtained.
reflects the interaction of the light beam with the fiber struc-
ture, and therefore the effects of cladding shapes as well as fiber
structure on amplifier operation. Using the values of
obtained from the effective BPM, the gain spectrum and noise
figures can be calculated, as will be discussed in the next section.

It is worth noting that, in the cladding-pumped scheme,
the initial pumping conditions such as the intensity and phase
distribution can also play a role in amplifier performance.
In our model, a noisy input beam is used to simulate spatial
incoherence

(14)

where represents the ideal coherent input beam,
controls the amplitude ( ) and phase ( ) noise sources,

core
core

(13)
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gives the spatial distribution of the amplitude noise, and
gives the spatial distribution of the phase noise. Both noise
sources are assumed to have a finite spatial coherence length

. In our calculation, the noise sources and
are normalized so that their maximum magnitude is unity, so
that controls the size of the noise sources.

The phase fluctuations are probably the most important factor
in the initial pumping conditions, and we discuss them here.
Consider phase fluctuations of amplitude and coherence

. Then, the characteristic wave vector introduced into the
field is

(15)

or . Consider , ,
then , and we do not expect the spatial fre-
quency content of the beam to be greatly modified from the
ideal coherent beam. However, for , , then

(or 25%), and the spatial frequency content of the
beam is greatly affected with the result that many incident rays
could leave the fiber as opposed to being trapped. In our experi-
ments, the coherent length of the pump lasers is measured to be
about 10–12 m ( 10 ). In the worst case, when , the
calculated peak gain is reduced at most 2 dB as compared with
the gain in Fig. 7. We assume and in our
simulations.

IV. GAIN SPECTRUM AND NOISE FIGURE CALCULATIONS

In the previous section, we have described the BPM calcula-
tion for pump propagation and signal gain in cladding-pumped
fiber amplifiers, which we describe as the first step in the calcu-
lation procedure. The most important aspect of the method is the
incorporation of the standard BPM and the nonlinear rate equa-
tions so that the multimode nature of the pump propagation and
the microscopic processes in the amplifier medium can be de-
scribed at the same time. Up to now, however, we have neglected
the ASE in the signal wavelength regions (Er-band ASE), and
therefore we have not been able to determine the noise figure
or the effects of ASE to the gain. As is well known, the ASE
in fiber amplifiers can be described by two sets of propagation
equations with counterpropagating ASE power densities in the
fiber [4]–[9]. Clearly, the forward BPM we presented in the pre-
vious section is not suitable to describe the backward ASE and,
therefore, the problem of ASE as a whole. However, if ASE ef-
fects on the pump absorption can be negligibly small, the pump
power in the core obtained from the first step can be
considered as independent of the signal ASE. In our cases, the
total Er-band ASE in our dc fiber of 8 cm is less than 1 mW,
which is quite low compared with the saturation power of about
28 mW. Under such conditions, can be used to de-
termine the noise figure and the final gain, which is defined as

.
We present here a procedure to calculate the noise figures and
final gain based upon the pump power in the core, which is ob-
tained from the above BPM calculation.

Under the conditions described, we can assume that the ef-
fects of Er-band ASE power into the pump absorption are neg-

ligibly small. Now, bearing in mind that we already determined
the pumping power in the fiber core , we then can
solve a system of propagation equations of and signal
as follows:

(16)

(17)

(18)

The Er-band ASE region under consideration is from 1450
to 1650 nm. With a resolution of 1 nm, we have 200 equations
for forward ASE and 200 equations for backward ASE .
Therefore, the propagation equations above form a system of
401 coupled differential equations, which are solved iteratively
by numerical integration along the active fiber length using a
Runge–Kutta fourth-order method. repre-
sents the contribution of the spontaneous emission into the mode
[4], [5]. The propagation equation for the signal (8) is repeated
here as (16) to be solved together with the 400 ASEs. The results
of the calculation will give us the signal gain affected by ASE
and the noise figures of the fiber amplifier. Again, we stress here
that the gain and noise figures are obtained under conditions that
the pump absorption in the Er–Yb co-doped system is negligibly
affected by the Er-band ASE.

The signal and ASE propagation equations (16)–(18) taken
under the stated conditions can be solved in a very similar
manner as in the conventional method for a single-mode
pumping scheme. Here, in our calculation process, the pump
power in the core is already known from the BPM
calculation presented previously. Now, the populations
are determined from the rate equations (1)–(5) taking into ac-
count the effects of ASE described in (7). We can integrate
(16)–(18) with the two-boundary conditions

(19)

The integration of the propagation equations (16)–(18) with
the two-boundary conditions (19) is discussed in details by
Desurvire [5]. In this way, we can obtain both noise figure and
amplifier gain.

V. MODELING RESULTS AND EXPERIMENTAL VERIFICATION

Here, we present some modeling results and compare with
the experiments performed on different fiber structures and also
different Er–Yb concentrations. To illustrate that our modeling
method not only works well for the normal double-cladding
fiber but also accurately renders the situation in other compli-
cated structures, we consider here two different types of Er–Yb
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Fig. 4. Cross-sectional image of double-clad Er–Yb co-doped fiber.

Fig. 5. Cross-sectional image of three-core rectangular Er–Yb co-doped fiber.

doped phosphate glass fibers: 1) circular double-cladding fiber,
2.5%wt Er and 15%wt Yb and 2) three-core rectangular fiber
amplifier with 3%wt Er and 15%wt Yb. These particular phos-
phate glass fibers have been developed to support very high
erbium and ytterbium concentrations without the deleterious
effects of ion clustering—to enable short-length ( cm),
high-gain fiber amplifiers. We designed and produced core
and cladding phosphate glasses with matching thermal prop-
erties such that their refractive indexes result in the designed
numerical aperture of the fiber. Single-mode double-cladding
phosphate glass fibers, as shown in Fig. 4, were fabricated using
a rod-in-tube technique in which doped core (rod) and undoped
cladding (tube) phosphate glasses were machined to fit together
as a preform. The preform was then used in a fiber-drawing
tower to produce hundreds of meters of amplifying fiber. The
numerical aperture of the core and the cladding were 0.145
and 0.24 at 1550 nm, respectively. The core diameter was
6.6 m with Er ion concentration of 2.5%wt and co-doped
with 15%wt Yb to provide a high absorption coefficient,
and diameters of inner and outer clad are 60 and 108 m,
respectively.

A multicore array structure, as shown in Fig. 5, was pro-
duced in a method analogous to the usual optical fiber drawing
for a single core. Three cylindrical holes arranged in a linear
array were mechanically drilled in a cladding glass preform.

Fig. 6. (a) Pump propagation in double-clad fiber. (b) Pump power in fiber core
versus propagation distance. The input pump power is 1 W with top-hat power
distribution. Dashed curves are calculated by the EOF approximation, and filled
circles are the experiment data.

Core glass was machined into rods and placed in cylindrical
preforms made of the same cladding glass. The three core sec-
tions were placed in the three holes, and the entire structure was
pulled much like single core optical fibers—resulting in mono-
lithic amplifier arrays with active core elements containing very
high erbium (3%wt) and ytterbium (15%wt) doping concentra-
tions, and circular cross sections. The numerical aperture of the
cores (0.15) was designed to match the numerical aperture of
the single-mode fibers that carry the input signals. The pump
cladding NA is 0.54 when the three-core fiber was embedded
in an outer clad epoxy that was index matched to fused silica.
The cores were arranged on a 30- m pitch with a rectangular
shaped outer cladding that is 112 m 68 m. Fig. 5 shows a
cross-sectional image of the cleaved surface.

Using the calculation process presented earlier, we can model
cladding-pumped Er–Yb doped fiber amplifiers, not only in
simple double-clad fibers but also in much more complicated
structures. In Fig. 6(a), we show the simulation results of the
pump propagation in the double-clad fiber, and the pump power
in the core is in Fig. 6(b). As shown in Fig. 6, the multimode
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Fig. 7. Calculation (solid curves) and experiments (dotted curves) of double-
pass (DP) and single-pass (SP) gain spectra, and noise figures for 8-cm-long
fiber under the same conditions as in Fig. 6. Input signal power is �30 dBm.

propagation of the pump field and the power in the core are de-
scribed very well by the BPM that takes into account the transfer
and absorption processes in the Er–Yb co-doped system. The
total pump power in the fiber is calculated and is compared
with the residual power measured by a cut-back experiment in
Fig. 6(a). It is clear that the pump propagation calculated by the
BPM is in very good agreement with the experiment. However,
the pump power calculated using the EOF is very different from
the measurements. It is worth noting that the characteristics of
the power in the core shown in Fig. 6(b) reflects the multimode
nature of the pump propagation and was first shown by Feit and
Fleck in their pioneering works on BPM [14]–[16]. Using the
obtained pump power in the core, we then calculate the gain
and noise figure as shown in Fig. 7. Amplifier performance was
evaluated experimentally using an 8-cm-long active fiber in
single-pass and double-pass configurations excited with a 1-W
975-nm broad-area laser diode. Fig. 7 illustrates the measured
and calculated gain spectra. It is clear from Fig. 7 that the
calculated gain and noise figures are in very good agreement
with experimental results, even in the case of a double pass of
the signal. We also show in Fig. 7 the SP gain calculated using
the EOF for comparison. The EOF gain is much higher than the
one obtained by BPM due to the higher absorption and higher
pump power in the core as shown in Fig. 6(a) and (b). These
short-length, high-gain optical fiber amplifiers are attractive in
various applications that require low-latency amplification such
as in interferometry, high-speed optical signal processing, or
femtosecond pulse amplification—as well as in telecommuni-
cation applications requiring compact amplifiers.

Fig. 8 shows the measured gain spectra for the three-core rect-
angular Er–Yb-doped fiber amplifier. We characterized the am-
plifier array in a double-pass geometry using standard single-
mode fibers to carry light signals into each one of the three active
cores and a multimode pump diode to simultaneously energize
all the cores in a pump-sharing configuration. It is significant
that the same pump power is effectively shared among three
cores—reducing the power requirement per core by a factor
of approximately 3. Despite any inhomogeneities in the input

Fig. 8. Gain spectrum of 1.3-cm double-pass of three-core fiber amplifier. Solid
lines: simulation; dotted line: experiments. Pump power 1.1 W, and input signal
power �30 dBm.

pump beam profile from the multimode diode source, the small
variation of the peak gain across the three cores is clear evi-
dence for a powerful scrambling effect in the active multimode
array waveguide—which is fully captured in the model. Fig. 8
shows that calculated gains for each core are in very good agree-
ment with experimental results. These multicore amplifier ar-
rays are highly attractive in applications requiring many inde-
pendent amplifying ports in a compact footprint. The amplifier
array provides high gain and low noise and is highly suitable for
integration with optical functional devices on a chip.

The parameters used in the simulation are: ms,
ms, s, and m s

for the dc ( m Er-concentration) and rectangular
fiber ( m Er-concentration), respectively. Here we
assumed for simplicity. The two fibers considered
in this paper have a Yb concentration of m and
the value of m . We use the values of
as function of Yb concentration by Lesser et al. [24]. We also
realized that the values in [24] are very consistent with our
simulations for many different concentration conditions, both
in the SMP and MMP schemes. We also assume

in our simulations.
We would like to stress here that, though the simulation and

experimental results seem to be in very good agreement, a
cautious analysis is still necessary. For example, in Fig. 7, the
calculated single-pass (SP) peak gain is about 1 dB higher than
that of the experiment, while the calculated noise figure is not
lower as it should be, but higher than that of the experiment
by about 0.5 dB. It is important to note that, in the model of
Er–Yb co-doped fiber amplifiers, there are many parameters
whose values can only be determined within some experimental
tolerance. The discrepancies in some important parameters are
discussed by Valley [3]. The differences observed in Fig. 7
above can be attributable to such variations in the parameter
values. For instance, experimentally, the Er concentration is
determined with about tolerance. If the Er concentration
in our calculation is about 5% higher than the real concentration
in the fiber, then the gain can easily be higher than that of the
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measurement by a couple of decibels. On the other hand, the
NF could also be higher than the experimental NF, because,
with the same pumping condition, higher concentration would
mean lower inversion.

VI. DISCUSSION AND CONCLUSION

As described above, our effective BPM has advantages com-
pared with the method based on the effective overlap approxi-
mation and the standard BPM. First, the most difficult task in
the cladding pump scheme, the multimode pump propagation
in the fiber, is described by the BPM that is combined with the
nonlinear rate equations of the medium. In this way, the com-
plicated multimode nature of the pump propagation is avoided
as the BPM treats the pumping field as a whole beam and not
as a superposition of modes. Therefore, the BPM is very effec-
tive not only for dealing with the complicated problems of pump
propagation, but also in allowing the flexibility to handle very
complicated fiber structures. In our effective BPM method, the
nonlinear rate equations are solved numerically to produce an
accurate pumping absorption coefficient for the BPM. This fea-
ture makes our method more accurate than the standard BPM,
which usually takes the absorption coefficient as a constant.

As shown in Figs. 6–8, the effective BPM model is powerful
at simulating the gain in cladding-pumped Er–Yb co-doped
fiber amplifiers, not only for double-cladding fibers, but also
in more complicated structures, such as a linear array of three
cores in a rectangular fiber. In addition to the gain spectra, the
effective BPM produces the profile of the pump power, which
can be used to calculate output power, ASE, noise figure, and
saturation power of cladding-pumped Er–Yb co-doped fiber
amplifiers.

Note that we can also apply the above calculation method and
fold in the ASE properties as long as the Er-band ASE effect on
the pump absorption is small. It is a good approximation if the
accumulated ASE power is relatively low compared with the
saturation power. Even in the case where this condition is not
satisfied completely, the effective BPM still can be used to de-
termine qualitatively the absorption as well as the gain of the
fiber amplifier and, particularly, for evaluating the dependence
of amplifier/laser performance on the fiber structure. Note that,
because both Er-band and Yb-band ASEs are neglected in the
BPM calculation of the pump propagation, the model underesti-
mates the pump absorption, and hence the signal gain, and over-
estimates the noise figure. On the other hand, neglecting the Er
ASE contribution also neglects the depletion of the excited pop-
ulation by the ASE; this tends to overestimate the pump ab-
sorption and overestimate the signal gain. Therefore, these two
opposing trends tend to cancel each other out with the result of
extending the validity of the model to a higher gain than it oth-
erwise would.

The method can be extended further to apply to other cases
where the ASE effect on the pump absorption is not negligible. It
is not practical to include several hundred equations of ASE
as in (17)–(18) during the BPM calculation of the pump prop-
agation, because BPM requires substantial computer memory.
We therefore use a conventional numerical technique with only
10 or so wavelength bands [4]–[9]. We will present the details
of this generalized method in another paper.

Finally, let us discuss the accuracy of the effective BPM. As
it is also well known from the standard BPM and is mentioned
in Section III, the change produced by each step of the calcula-
tion, e.g., (12), is small compared to unity. The estimation for
the term of leads to a condition of where

is the largest magnitude of the deviation of the refrac-
tive-index profile in the waveguide. In many double-clad fibers,
since the NA between core and inner clad, and between inner
and outer clad is small (typically smaller than 0.4, and
is therefore smaller than of about 0.05), the step-size should
be of the order of wavelength to have good results. In other
complicated structures where is larger, a subwavelength
step-size may be needed. Next, let us now turn to the diffractive
term in spatial frequency
domain of transverse wave vector , where is the
Fourier transform of . Applying the above condition, the
requirement for the diffractive term is
where is the transverse window size ( is
used), and is the number of transverse sampling points. From
this, we see that increasing the number of transverse points
for a fixed grid size can lead to errors if is not de-
creased correspondingly.

In conclusion, we propose a new method of modeling
cladding-pumped Er–Yb co-doped fiber amplifiers. By incor-
porating the BPM for the field propagation and rate equations
for the amplifier medium, our method can describe accurately
the multimode pump propagation affected by cladding shapes
and fiber structures. As a result, the method can be used to
simulate the amplifying operation not only in the normal
double-clad fibers but also in other complicated structures. The
pumping profile, gain, and noise figures of the fiber amplifiers
are obtained. The simulation results are in very good agreement
with experiments. The method can be developed further to
apply to a wide variety of rare-earth-doped fiber amplifiers.
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